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Introduction

In the present thesis, we give an introduction to the generalized Murray von Neumann dimension
developed by W. Liick and apply the results to describe the theory of L?-homology and L2-Betti
numbers for von Neumann algebras, developed by A. Connes and D. Shlyakhtenko.

The contents of the thesis is summarized in the following paragraph.

Summary: The thesis contains three chapters, where the major part of the theory is contained
in the first and the third chapter. The second chapter serves as an interlude, connecting the first
and the third chapter.

In the first chapter, we introduce the generalized Murray von Neumann dimension, as defined

by W. Liick in [Liic98]. This notion of dimension is defined on the category of modules over a finite
von Neumann algebra .#!, and extends the classical notion of Murray- von Neumann dimension
of finitely generated projective modules. Following Liick, [Liic97] and [Liic98], we prove that this
generalized dimension inherits many of the properties of the classical Murray- von Neumann di-
mension. The most important of these properties, can be found in Theorem 1.4.7.
The reader interested in applications of this dimension theory, other than L?-Betti numbers for
von Neumann algebras, may find these in [Liic02]. Lastly, we discuss the so-called induction func-
tor associated with a pair of von Neumann algebras (one contained in the other), and proof that
this functor preserves the extended dimension. (see e.g. Theorem 1.5.1)

In the second chapter, we first recapitulate some basic facts on Hochschild homology which
will be needed in order to describe the theory of L?-homology for von Neumann algebras. Next we
give a brief introduction to group von Neumann algebras and define the notion of group homology
(and in particular L?-homology) for a discrete group G. We end the chapter with a discussion of
the induction-functor in the context of group von Neumann algebras.

The third chapter contains the primary material of this thesis; namely a presentation of the
theory of L2-Homology and L?-Betti numbers for finite von Neumann algebras, as defined by A.
Connes and D. Shlyakhtenko in [CS03]. The L?-homology of a finite von Neumann algebra ./,
is defined as the Hocschild homology H. (., # ®.#°P) and because of the choice of coefficients,
these groups all become left modules over the von Neumann algebra tensor product .4 ®.#°P.
Using the generalized Murray- von Neumann dimension, the Hochschild modules therefore all
have a dimension over .#®.#°P; and the L2-Betti numbers of .# is defined as this sequence of
dimensions. Next we turn towards the development of computational results and, in particular,
we prove the so-called compression formula, (Theorem 3.2.8) which gives a relation between the
L?- Betti numbers of a finite factor .# and the L2-Betti numbers of the corner-algebra p.#p
associated with a projection p € .. Finally, we give a more detailed description of the zero’th
and first L2-Betti number and compute these in some special cases.

1See e.g. Definition 1.1.10



About this text: Reading this project requires basic knowledge of homological algebra. The
relevant theory of homological algebra can, for instance, be found in [CE], [Wei] and/or [Fox].
Moreover, some knowledge about operator algebras — and especially von Neumann algebras — is
required; in particular in relation to the contents of Chapter 3. We refer to [KR1] and [KR2] for
background information on operator algebras.

On the last page, a list of notation can be found. It does not contain all notation used in the text,
but shall be considered as a supplement for the text, containing short descriptions of parts of the
notation which appear without further explanation in the main text. When a result (not developed
by the author) is presented, we will give a reference to the (if possible) original source. This will
be done in a bracket placed just before the statement, in the Lemma, Proposition or Theorem in
question, is given. However, if the results are classical, we will sometimes give a general reference
in the beginning of the relevant section.

Despite the fact that the thesis has only one author, most of the text is written in plural form. So,
when the word "we” appear (as it already has), it is to be interpreted as the reader and author in
conjunction.

Throughout the text, unless explicitly stated otherwise, the following assumptions will be
made:

e All vector spaces are assumed to be over the complex numbers.

e All algebras are assumed to be associative.

e The symbol ® will be used to denote algebraic tensor products (of modules, algebras, etc.)
while the symbol ® will be used to denote completed tensor products. (of Hilbert spaces,
von Neumann algebras, etc.)

Finally, I would like to thank Ryszard Nest and Erik Christensen, for patiently listening to all my
questions and helping me find answers to them.

Copenhagen, February 2005
David Kyed.
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Chapter 1

The generalized Murray- von
Neumann Dimension

In this chapter we introduce the notion of Murray- von Neumann dimension of a finitely generated
projective module over a finite von Neumann algebra .#. Subsequently, we generalize it to cover
all modules over .# and prove that many of the attractive properties carry over to this generalized
dimension function.

We start out, by presenting some basic results of module theory, which will be needed in the
sequel.

1.1 Module theory

Let R be a unital *-ring of characteristic zero and let Mod(R) denote the category of left R-
modules, with morphisms being the R-linear maps. We denote by 1 the unit in R and we will
often also use the symbol 1 to denote the identity homomorphism on a given object in Mod(R).
Unless otherwise stated, throughout this section all modules are left modules and the term ”ideal”
will always mean left ideal.

Lemma 1.1.1. If P is a finitely generated projective R-module, then P is isomorphic to the image
of an idempotent R-homomorphism p: R — R™ for some n € N.

Proof. Since P is finitely generated and projective, P is isomorphic to a direct summand P’ in
R™ for some n € N. That is, R" = P’ @& @’ for a suitable submodule @’ in R".
We now define p: R® — R™ by

p(x,y) = (x,0) forz e PLye Q.

Clearly p has the desired properties. O

Remark 1.1.2. Any morphism f : R" — R™ is given by right-multiplication with a (unique)
matriz A € M, ., (R). To see this, we consider the natural basis e1, ..., e, for R™, where

e;:=(0,...,0,1,0,...,0), (the 1 in the i’th position)

and define the k’th row in A to be the image f(er). Then f(ex) = exA for all k € {1,...,n} and
since (e1,...,e,) is a basis, the two maps must agree everywhere.
Clearly the relations f(er) = ex A, k= 1,...,n, determines A completely.

Proposition 1.1.3. If M is an R-module and p : M — M an idempotent R-homomorphism, then
M=pM®(1-pM.
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Proof. Using that p is idempotent, it is straightforward to check that
M>z+— (pz,(1—p)z) e pM & (1 —p)M,

is an isomorphism. O

Lemma 1.1.1 has an inverse.

Lemma 1.1.4. If P is a projective R-module and q : P — P is an idempotent R-homomorphism,
then qP is a projective R-module.

Proof. By Proposition 1.1.3, we have P = ¢P @ (1 — ¢) P and since P is projective there exists a
free R-module F', which contains P as a direct summand. Then F' also contains qP as a direct
summand and we conclude that gP is projective. O

Definition 1.1.5. The ring R is said to be semi-hereditary if all finitely generated (left) ideals
in R are projective as R-modules. More generally, a projective R-module M is said to be semi-
hereditary, if all finitely generated R-submodules of M are projective.

Proposition 1.1.6. [CE| The following statements are equivalent
(i) The ring R is semi-hereditary.
(i) Every projective module over R is semi-hereditary.

Proof .

(ii)= (i): Since R is free (and hence projective) as an R-module and since R is semi hereditary
as an R-module if, and only if, it is semi hereditary as a ring, the implication follows.

(i)= (ii): Since every projective module is isomorphic to a submodule in a free module and
since projectivity is preserved under finite direct sums, it suffices to prove the following claim:

Each finitely generated submodule of a free module is the direct sum of a finite number of
modules, each of which is isomorphic to a finitely generated ideal in R.

Proof of claim: Assume M to be a finitely generated submodule in the free module F' and let
(x;)ier be a basis for F.

Since M is finitely generated, we can choose a minimal n € N and 41,...,%, € I such that
M Cspangp{z;,,...,z;, } = F'.

We proceed by induction on the number n.

If n =1 we have F' = Rx;, ~ R (since {z;]i € I} is a basis) and hence the submodule M is
isomorphic to a finitely generated R-submodule of R; that is, to a finitely generated ideal in R,
which is projective by assumption.

Assume now, inductively, that the claim is proven for some fixed n € N and consider the case
n + 1. That is, assume that

F' =spanp{x;,,...,x;,, v, } =spang{@i,,...,x;, } & Ra;, .
Then the R-linear map f : spang{z;,,...,x;, } ® Rr;, ., — R given by

(v,r25,,,) — T € R,
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maps M onto a finitely generated ideal J in R, which by assumption is projective. We then have
a short-exact sequence

c
0——=ker(f)NnM — M ! J 0,

which splits (since J is projective) so that M ~ (ker(f) N M) @ J. Since ker(f) N M is a finitely

generated (because M is finitely generated) submodule in spang{z;,,...,z; }, the induction hy-

pothesis applies. O

Our interest in semi-hereditary rings comes from fact that finite von Neumann algebras are semi-
hereditary, as we shall see later. (Corollary 1.3.21) At this point, we need some more algebraic
constructions.

Definition 1.1.7. For an R-module M, we define the dual module M* := Hompg(M, R), with
R-module structure given by

(rf)(@) = f(z)r",
forr € R, f € Homg(M,R) and x € M.

At first glance, the action of R on the dual module may look strange, but this definition will
be justified later. (see e.g. Corollary 1.4.8 and Definition 1.3.5)

Definition 1.1.8. Let M be an R-module and let K be an R-submodule of M. We then define
the (algebraic) closure of K in M as

KM .= {x € M | Vf € Homg(M, R) : (K C ker(f)) = (z € ker(f))}.

When there is no possibility of confusion, about which module the closure is performed relative to,
— —al
we will sometimes denote the closure of K by K to simplify notation and sometimes by K" to

distinguish it from topological closures. The submodule K is said to be closed in M when Y = K.
We also define

o TM := {z € M |V¥feHomp(M,R): f(z)=0} = {0} .

e PM :=M/TM.
The algebraic closure of modules has the following properties.

Proposition 1.1.9. Let L, M and N be modules over R. Then the following holds.

(i) [ LCMCN then I C 1"

(i) If f : M — N is a homomorphism and N is projective, then ker(f) is closed in M.

Proof .
(i) Let z € Y be given and consider any ¢ € Hompg (N, R) that vanishes on M. Then ¢

especially vanishes on L C M and since z € Y we get ¢(x) = 0. Hence = € .

— M
(ii) Assume first that N is free and choose a basis (2;);cr. Let x € ker(f) be given. We want
to show that f(z) = 0. Since (z;);cs is a basis, every element y € N has a unique expansion
Dier ri(y)z;,t and hence we get a family of homomorphisms ¢; : N — R by setting

piy) = 0D _ri(y)a;) = ri(y).

jel

IWith only finitely many r;(y)’s non-zero
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Note, that this family separates points in N. That is, if ¢;(y) = 0 for all ¢ € I then y = 0. For
any ¢ € I, we have ¢; o f € Homg(M, R) and vanishing on ker(f) and hence ¢;(f(x)) = 0. Thus
f(z) = 0. This proves (i7) in the special case when N is free.

M
Assume now, that N is projective and consider an x € ker(f) . Assume moreover that f(z) # 0.
Since N is projective, it is a direct summand in a free module F', which therefore can be written
as F'= N @ @ for some module Q. By the argument above, there exists a ¢ € Homg(F, R) such
that ¢(f(x),0) # 0. But then
M 3¢ — o(f(£),0) € R,

is a homomorphism, which obviously vanishes on ker(f) and is nonzero on x — contradicting the
choice of z. "
Hence f(z) =0, and ker(f) = ker(f). O

1.1.1 The generalized Murray- von Neumann dimension

In this section we define the Murray- von Neumann dimension of a finitely generated projec-
tive module over a finite von Neumann algebra. Following Liick ([Liic97],[Liic98]), we generalize
the notion of Murray- von Neumann dimension to the category of all modules over a finite von
Neumann algebra. We shall restrict our selves to the class of finite von Neumann algebras, who
possesses a normal, faithful, tracial state. Hence the following definition.

Definition 1.1.10. Throughout the text (unless explicitly stated otherwise) the term finite von
Neumann algebra, will mean a von Neumann algebra # with the following properties:

e The unit 1 is a finite projection in A .
o ./ possesses a normal, faithful, tracial state.

Actually the first condition in Definition 1.1.10 is redundant, which can be seen in the following
way. If .# is any von Neumann algebra with a normal, faithful, tracial state and p € Z is a
projection equivalent to 1, then there exists a partial isometry V € .# with V*V =1and VV* = p.
Hence

T1l=p)=7(V'V-VV*)=7(V*'V) —1(VV*) =0,

and since 7 is faithful we get p = 1.

Let .# be finite von Neumann algebra with unit 1 and let 7 be a fixed normal, faithful, tracial
state on .. The trace T gives rise to a tracial functional 7,, on M, (.#), by setting

n

Ta({aig}ijmn) = ) m(ai).

i=1

By computing 7,, on a matrix-product of the form A*A, one easily checks that 7, is positive and
faithful. (But not a state, since it takes the value n on the unit matrix.) Given a finitely generated
projective .#-module P, we know by Lemma 1.1.1 and Remark 1.1.2 that P is (isomorphic to)
AM™A for some idempotent matrix A € M, (.#). We now define the Murray- von Neumann
dimension of P as

dim_z (P) := 1,(A) € [0, 0|
Of course we have to check that this is well-defined

Lemma 1.1.11. The Murray- von Neumann dimension of P is independent of the choice of
idempotent matriz.
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For the proof, some notation will be convenient: For a matrix B € M,, ,,,(.#) we denote by
Rp the .#-homomorphism from .#™ to .#™, multiplying from the right with B.

Proof. Let A, A’ be idempotents in M, (.#) and M,,(.#) respectively and assume that

o: MA — H#™A is an isomorphism of .Z-modules. By extending the matrices A and A’ by
zeros, (this does not effect their traces) we may assume that m = n.

Define ¢ : A" — #™ by

MAD M (1= A)S (2,y) — (p(x),0) € A" A" D . A" (1 - A
and ¢ : A" — M by
MA DM (1—A) S (2,y) — (0 1 (2),0) € A"AD A (1 — A)

Then both ¢ and ¢ are .#-linear maps and hence of the form R; and Ry for some matrices
X, X € M, (#). Using that A and A’ are idempotent, a direct computation shows that

Ry=Rs,s and Ra=Rgg,
Since 7, is a trace, we get
Tn(A) = 1, (X AX) = 7,(X X A)) = 7,(A),
as desired. O

We now want to extend the Murray- von Neumann dimension to arbitrary .#-modules. This
is done in the following way.

Definition 1.1.12. Let M be any .# -module. We then define
dim’ (M) := sup{dim_g (P) | P is a finitely generated projective submodule of M} € [0, oc].

As it stands, it is not completely obvious that dim’,(-) actually extends the Murray- von
Neumann dimension, but as we will see in Section 1.4 this is the case.
Before we are able to investigate the extended dimension function, a rather large amount of theory
is required. First we need some results on finite von Neumann algebras.

1.2 Miscellaneous on finite von Neumann algebras

In this section we collect some general results concerning finite von Neumann algebras.
Throughout the section, .# denotes a finite von Neumann algebra with unit 1, equipped with a
fixed normal, faithful, tracial state 7. Let L?(.#) denote the Hilbert space completion of .Z, in
the GNS-construction with respect to 7. That is, the completion of .# with respect to the (norm
| - |l2 induced by the) inner product (a,b) — 7(b*a) =: (a|b). Let n : .4 — L*(.#) denote the
inclusion .# C L?(.#). Since 7 is faithful, the GNS-representation 7, of .# on L?(.#) is faithful
and 7, (.#) is closed in the strong operator topology on %(L?(.#)) since T is normal. (see e.g.
[KR2] Corollary 7.1.7) Thus, 7, is a #-algebra-isomorphism of von Neumann algebras from .# to
7 () and we will therefore often suppress the reference to 7, and just consider .# as acting on
L2(A).

We denote by .#°P the opposite algebra of .#Z and by 7°P the trace on .#Z°P given by

TP(mP) :=71(m) for m°® € .A#°P.

Everything said above about (., 7) carry over to the pair (#°P, 7°P) and (as with .#') we identify
AP with its image under the GNS-representation, with respect to 7°P, on L2(.#°P,7°P) =:
L?(.#°P). The algebraic tensor product .# ® .#°P is naturally represented on L?(.#)®L?(.#°P)
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and we denote by .#®@.4°P the strong closure of .# @ #°P in B(L*(M )DL (M°P)).

Recall that the x-algebra-isomorphism class of .# ®.#°P, does not depend on the representation
space L2(.#)QL?(.#°P), but only on the *-algebra-isomorphism classes of .# and .Z°P. (see e.g.
[KR2] Theorem 11.2.10) The normal states 7 and 7°P on .# and .Z°P respectively, gives rise to
a normal state 7 ® 7°P on A @.4°F (see e.g. [KR2] Proposition 11.2.7), with the property that

TR7P(m@nP) =7(m)rP(n°?) for all m € A4 ,n°" € .H°P.

Because both 7 and 7°P are faithful traces, the tensor-state 7 ® 7°P is actually a faithful trace on
MM P, as we will prove later. (Proposition 1.2.9).
Before doing this, we introduce the so-called conjugation operator on L?(.).

1.2.1 The conjugation operator

In this section we introduce the conjugation operator J on L?(.#) and study the relationship
between .#" and .#. The presented results are classical and can be found, for instance, in [Dix]
and/or [KR2].

Lemma 1.2.1. The map J : n(MH) — n(A) given by n(a) — n(a*) extends to an anti-linear
isometry J : L?>(.#) — L*(#) with the property that J? = 1.

Proof. Obviously J is anti-linear on n(.#) and since 7 is a trace it follows that

In(a)ll3 = 7(a*a) = 7(aa”) = |In(a*)I3 = |7 (a)|}3-

Hence J : n(#) — n(A) is isometric and extends therefore to an anti-linear isometry (also de-
noted by J) on L?(.#). Since a** = a for all a € 4, it is clear that J? = 1. O

As indicated, we shall refer to J as the conjugation operator on L?(.4).
Lemma 1.2.2. The conjugation operator J on L*(.#) has the following properties:
1. For all z,y € L*(#) we have {Jx|Jy) = (y|z).

2. We have J#J C #', where the commutant is taken relative to B(L*(A)).

Proof. By continuity, we only need to check the relation in I. on the dense subspace n(.#). For
x =n(a) and y = n(b), we have

(Jz|Jy) = (n(a”)|n(b")) = 7(ba”) = 7(ab) = (n(b)[n(a)) = (y|x).
To proof the second claim we fix arbitrary a,b,c € .#. Then

e(IbJ)(1(a)) = c(JB)(n(a")) = eJ (n(ba*)) = n(cab)
(JbT)e(n(a) = JoJ(n(ca)) = J(n(ba"c")) = n(cab”).

Since n(.#) is dense in L?(.# ), this shows that JbJ commutes with every ¢ € .# and since b was
arbitrary we now have J.#J C .#’.
O

Consider an arbitrary a € .#. On the dense subspace n(.#), this operator acts as
n(z) — n(ax). Associated with a, there is another natural linear operator on n(.#), namely

n(x) 2 (za).
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We now want to see that R, is bounded with respect to the norm on L?(.#). Since Jn(1) = n(1)
we have

Ro(n()) = n(za) = x(Ja™J)n(1) = (Ja*J)an(1) = Ja* J(n(x)),

where the third equality follows from Lemma 1.2.2. From this it follows that R, = Ja*J|,.z)
and hence that R, is bounded. It therefore extends to a bounded operator, also denoted R,, on
L?(.#). Note, that a — R, is linear and that R, = R}.

Our next aim is to show that .#' = {R,la € .#}. We already proved the inclusion ”2” in
Lemma 1.2.2, since for each a € .# we have R, = Ja*J. From this equation it also follows that
{R.|a € M} is weakly closed in B(L?(.#)). To prove the opposite inclusion, some more work is
required. In the following we will use the symbol L, to denote the continuous extension, of the
map 7(m) — n(am), to L2(.#). This is the operator we until now have identified with a and this
identification will be reactivated after the proof of Corollary 1.2.7. Hopefully, this notation will
help clarify the arguments below.

Definition 1.2.3. For any x € L*(.#) we define LS : n(M) — L*(M) by setting LO(n(m)) :=
Ry and RO : () — L2( M) by setting R (n(m)) := Ly,z.

Note, that both L and R) are densely defined unbounded (in general) operators and that
LY = Ly|ya) and R) = Ry|y(.4), whenever x € n(.4).
Also note, that if (,)nen is a sequence in .# such that ||n(z,) — |2 — 0, then for any m € .#

we have

LY (n(m)) = Ry (x) = lim Ry (1(22)) = lim(n(a,m)) = lim Ly, ((m)).

A similar formula holds for R?, by an analogous computation.

The reason for the uppercase zero is that we now show that L, and R, are closable operators and
we wish to reserve the symbols L, and R, to denote their closures. To see that L, is closable, we
need to check that the closure of its graph

{(n(m), LYn(m))lm € .4} C L* (M) & L* (M),

is the graph of some (unbounded) operator. For this it suffices to see, that if (n(an))nen C n(A)
is null-sequence and (L7 (ay))nen converges to z, then z must be zero. To see this, we consider
any m € 4. Then

[{z[n(m))]

|
| )
(x| Raz n(m))
m (2| Lm (1(ay,)))|
(
(

Lyn(an)n(m))|

Ra,z|n |

n

m)

(
(

555 =§ =F

m))|

(
(
(
(

< hm 1|2 | Lo |7 (@) |2 (|| Ly || being the operator-norm)

= hmlle [ L llln(an)ll2 — 0.

Thus, z is orthogonal to the dense subset n(.#) and is therefore zero.
In the same way we see that RY is closable and we denote by L, and R, the closure of L2 and R?
respectively.

Lemma 1.2.4. If T € {R,|a € #} and x € L*(#) is a vector such that L, is bounded, then
also Ly is bounded and T'L, = L(pg). In particular T' = Lpy(1))-

Proof. For m € .# we have

TL,(n(m)) =TRnx =R, Tz = L(Tx)n(m),
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and since L(()Tm) agrees with the bounded operator T'L, on the dense subspace n(.#), we con-

clude that Lp, is bounded and equal to T'L,. Since L; is the identity on L?(.#) we have
T = Liryqy)- L

Proposition 1.2.5. The following holds.
{Rula € M} = {L,|L, is bounded } and {Ls|la € #Y} = {R;|R; is bounded }

Proof. We show the first equality. By the above lemma, every T' € {Rqla € .4} equals Ly,
and the inclusion ”"C” follows. Conversely, if L, is bounded and a € .#, then for any m € .# we
get

LyRq(n(m)) = Ly(n(ma)) = R(ma)x = Ry Rz = RyLz(n(m)),

and hence L, € {Ryla € A4}
The second equality is proven similarly, using the obvious variant of Lemma 1.2.4 for operators in

{Lola € A} . O

Lemma 1.2.6. Ifz,y € L?*(.#) such that L, and R, are both bounded, then L, and R, commutes.

Proof. Since both L, and R, are bounded, it suffices to check that they commute on the dense
subspace n(.#). Choose a sequence (yn)nen € # such that ||y —n(y,)|l2 — 0. For any m € .#

we have

Ly Ry (n(m)) = Ly (limn(myy))
= lim Ly, ((myn))
= lim Ry, ()
= lim Ry, Ry ()
= lim Ry, Ly (n(m))
= RyLa(n(m)),

and the claim follows.

From this, the desired equality between {L,|a € .#}' and {Ry|b € .4} follows.
Corollary 1.2.7. We have
{Lg|Ly is bounded } = {Lgla € #} and {Ry|Ry is bounded } = {Ry|b € A},

and hence

(Lala € .Y = (Ryb e .},

Proof. Lemma 1.2.6 and Proposition 1.2.5 in conjunction with the Double Commutant Theorem,
gives
{L,|L; is bounded} C {R,|R, is bounded}' = {L,|a € .#},

and hence {L,|L, is bounded} = {Ly|a € .#}. Similarly we get

{R,|R, is bounded} = {Ry|b € A},
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and (using Proposition 1.2.5) we conclude that

{Ry|b € 4} = {Ry|R, is bounded} = {L,|a € A4}'.

Remark 1.2.8. By what is proven above, the map a — Ja*J is a *-preserving, bijective and
linear map between .# and #'. But for a,b € .4 we have

J(ab)*J = Jb*a*J = (Jb*J)(Ja*J),

so that the map is product-reversing. Hence, if we consider the map from .#°P to .#' given by
a®P? — Ja*J, we get a *-algebra-isomorphism.

With the results above at our disposal, we can now prove the promised properties of the
tensor-state T ® 7°P.

Proposition 1.2.9. The normal tensor-state 7 @ 7°P : M 3.4°° — C is a faithful trace.

Proof. We first show that 7 ® 7°P is a trace. Since
TRTP(x@yP) = 7(x)m°P(y°P) for all x € M,y € AP,

the restriction of 7 ® 7°P to A ® .4 °P is tracial.

Consider any z,y € A#@.#°P and choose bounded nets (x;);er and (y;);es in A Q@ A°P, con-
verging strongly to x and y respectively. (The Kaplansky density Theorem)

Then, for any z € A ®.#°P, the net (x;z);es is bounded and converges weakly to xz and similarly
(zy;)jes is bounded and converges weakly to zy. Because 7®@7°P is normal, it is weakly continuous
on bounded sets (see e.g. [KR2] Prop. 7.4.5), and hence

7@ 7P (2y) = lim7 ® 7°P(2;y)
= limlim7 ® 7P (z;y;)
i

= limlim 7 ® 7P (y;2;)
i

=7 71%P(yx).

We now want to see that 7 ® 7°P is faithful. Set & := 7,(1) and & := ner(1). For z @ y°P €
M R M°P we have

TRTP(z@y”®) = (260 |60) (™" 166°) = (2 @ y™) (Lo ® §57) [§0 ® &°)-

Since both 7 ® 7 and wegeer + T+ (T(§o ®@ &) |60 ® &) are normal states, we conclude that
TR = Wepepr-
Assume now that v € A Q.4°° with 7 ® 7°P(z*x) = 0. Then

0 = weyeepr (272) = (2(60 ® &) [2(§0 @ &) = llz(& @ &) 13- (%)

Let J denote the conjugation operator on L?(.#) and J°P the conjugation operator on L2(.#°P).
For any m € .# we have Jm*J&y = Rn&o = n(m) and hence we see that

X :={((JmJ) @ (JPnPJP)Eo @ &P |m € My € MP} =1 (M) @ Nyor (MOP).

Since 1, () is dense in L?(.#) and nyop (A4 °P) is dense in L?(.#°P), it follows that X is dense
in L?(#) @ L*(.#°P) — and hence in L?(.#)QL? (A °P).

Each element of the form (JmJ)® (J°Pn°P J°P) clearly commutes with .# ® .#°P, (see e.g. Corol-
lary 1.2.7) and hence with the strong closure .# ®.#°P.

We have now proven, that the vector &, ® &* is cyclic for (.#®.#°P)" and therefore separating
for A4 @.4°P. Thus, the formula (x) above implies = 0, and hence 7 ® 7°P is faithful. O
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Remark 1.2.10. In the preceding text, we have consequently used the inclusion-map n to distin-
guish between M and n(A ). To simplify notation, we will often suppress the map n in the future
and simply think of # as a subspace of L*(M).

1.2.2 An isomorphism of Hilbert spaces

Because of the great importance of the tensor-product .#®.#°P in the theory of L?-homology for
von Neumann algebras, we will devote some time here to investigate an alternative description of
the GNS-construction for this tensor product, with respect to 7 ® 7°P. This will turn out useful
in some future proofs.

For x,y € .# we consider x ® y°P € .# ® #°P and the linear mapping

‘I}x®y°p *
MS>Sm——————71(ym)x = (m|y* )z € .

The following holds.

Lemma 1.2.11. For each 2 ®@y°P € M Q.4 °P, the linear operator W gyov is bounded with respect
to the norm inherited from L*(A).

Proof. For any m € .# we have
[Wagyerml3 == (r(ym)a|7(ym)z)
= |r(ym)P*1(z"x)

= [l2ll3[{m]y™)

< lllizlmlzly 13 (Cauchy-Schwartz)
= [ll3lyl3lml3,
where the last equality follows from the fact that 7 is a trace, such that
Iyllz = (") = 7(yy") = ly"ll3-
O

Since Vygyer is bounded, it extends by continuity to an operator, also denoted W,gyor, on
L?(#). By construction of W g, ep, the map

XM (0,y) — Vg € BLM))
is bilinear and we therefore get a linear map
UM @ MP — B(L*(M)),
with the property that ¥(z ® y°P) = ¥ gyor.
Proposition 1.2.12. The linear map ¥ given by
MDMP D 2R Y s Uygyor € FR(LA(M))

is an isometry, when M & M °P is endowed with the norm inherited from L*(.#)@L?(.#°P)) and
FR(LA(M)) (the finite-rank operators) is endowed with the Hilbert-Schmidt norm || - || sz .

Proof. Let T =" | x; ®y;* € M @ M°P be given and assume, without loss of generality, that
the vectors z1,...,x, are mutually orthogonal. Then

1Yz @uPl5 =D (sl a)yilys) = D lilllvall3.
% i

,J
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Let (eq)aca be an orthonormal basis for L2(.Z).
Computing the Hilbert-Schmidt norm of Up we get.

1223 = 1Y Wasyer |3
7

= Z | Z qu@yf"ea”%
« 7

=D 1D fealyails
«@ 7

=D Kealy)Pllail3 (since @; Lx;.)
@ 7

=" il lyi 13
%

=3 laill3ly:l3,
7

and the result follows. O

Corollary 1.2.13. The map V¥, from Proposition 1.2.12, extends to an isomorphism of Hilbert
spaces from L*(M)QL?*(M°P) to HS (L*(M)).

Proof. We first prove that .# ® .#°P is dense in L?(.#)&L*(.#°P). By construction,
L3( M) @ L*(#°P) is dense in L*(A#)RL?(.#°P), so it suffices to see that every element T in
L*( M) @ L*(#°P) is the limit (in L?(.#)@L? (A °P)-norm ) of a sequence from .# & .4 °P.
By linearity of the inclusion # @ .#°° C L*(.#) @ L*(.#°P), we may assume that T = z @y for
some z € L?(.#) and y € L*(.#°P). Then there exists sequences (zj)ren C A, (y;¥ )ken C AP
such that

lilgn |z — z|l2 =0 and liin lye? — yll2 = 0.

From this it follows that xx ® yi % ® y, since
— 00

[t@y -z @yl )5 = (F@ylzey) — (T @y lz0y) — (zQy|ze @YY) + (Tp QY |2k @ Y)T)
= =l3llyl3 + llzrll3 WP 113 = (@rl2) W 1y) — (@) (YY) 0

Hence .# @.#/°P is dense in L?(.#)®L?(.#°P) and therefore the linear map ¥ extends isometrically
to - w7

U L(M)RL* (M) — FR(LA(A)) .
We now note, that every rank-one operator on L?(.#) has the form W,g, for suitable x € L?*(.#)
and y € L?(.#°P) and by linearity it follows that ¥ maps L?(.#) ® L?(.#°P) onto FR(L* ().

Since 9% (L? (///))W = HS (L*(M)), the claim follows. O

Proposition 1.2.14. The Hilbert spaces L*(# ,7)QL?(.#°P, 7°P) and L*(M @4, T @ T°P) are
isomorphic.

To simplify notation, we denote L?(.# @.4#°P, 7 @ 7°P) by L*(.M .4 °P).

Proof. We view .# ® #°P as a subspace of both L*(.#)@L?(.#°P) and L?*(.#&.#°P) in the
natural way. By the proof of Corollary 1.2.13, .# @.#°? is dense in L*(.# )@ L?(.#°P) and a direct
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computation shows that the identity on .Z ® .Z°P is an isometry between the two subspaces.
It is therefore sufficient to prove that .# @ .#°P is dense in A &.#°° with respect to the norm
inherited from L?(.# ®.#°P). Let 1 denote the inclusion of .#&.#°P into L*(.# .4 °P).
Every element T in A/ &.#4°P C B(L*(M)QL?*(#°P)) is the strong operator limit of a net (T,,)
from .# @ .#°P. Thus, for every & € L?(.#)RL*(#°P) we have that T,& — TE.
If we choose £ to be n(1® 1), we get

n(Ta) = Tan(l ® 1) - T77(1 ® 1) = U(T)7

and the proof is complete, since n(.# @.4°P) is dense in L?(.# ®.#°P) by construction. O

In the light of the above proposition, we often choose to identify L?(.# )®L?(.# °P) with L?(.# .4 °P).

Proposition 1.2.15. [CS03] Let m € .#. The isomorphism V : L*(# @.4°°) — A (L*(M))
intertwines the following four, pairwise commuting, actions.

1. The M -action T — mT on S (L*(M)) with the (extension of the) action

MQMPDTRYP — mrRYP € MM,
on L*(M &.M°P).
2. The A °P-action T — Tm on S (L* () with the (extension of the) action

MDMPDrRYP — @ (ym)P € M MP,
on L*(M@MP).
3. The M °P-action T — Jm*JT on A (L*(M)) with the (extension of the) action

MRQMPDrRYP — xmQYP € MR MP
on L*(M &.4°P).
4. The M -action T — TJm*J on A (L*(M)) with the (extension of the) action

M MP DS rRYP — @ (my)°P € M Q MP

on L2(M@M°P).
Proof. The pairwise commutativity of the actions follows from Corollary 1.2.7. The proofs of
1.,2.,3. and 4. are essentially identical, so we only prove the third here.
Put h,,(T) := (Jm*J)T for T € H#S (L*(M)) and H,,(x ® y°P) := (xm) ® y°P
for z@y°P € M @ M°P and extend H,, to L?(.# @.4°P) by linearity and continuity. We need to
show that W o H,,, = h,, o U.
That is, commutativity of the following diagram.

hm

HS (L*(A)) HS (L* (M)

LQ(%(%%OP) T‘ LQ(%(@%OP)

For @ y°P € M @ M°P and € € L?() we get
han (B (z @ y°P))(§) = Jm*J(¥(z @ y™)§) = (€|y*)Jm" Tz = ({]y")am = WHp (x @ y°P)(E).

By linearity, this implies that ¥ o H,,, and h,,, o ¥ agrees on the dense subspace .# @ .#°P and by
continuity the two maps must agree everywhere.
O
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1.3 Hilbert modules

In this section we define the category of Hilbert modules associated with a fixed (finite) von
Neumann algebra .#. As it turns out, this category is very ”similar” (to be specified later)
to the category of finitely generated projective modules over .# and this similarity will be the
cornerstone, when proving the essential properties of the extended dimension function.

In the following .# denotes a finite von Neumann algebra, endowed with a fixed, faithful, normal,
tracial state 7. We denote by L?(.#) the Hilbert space completion of .# in the GNS-construction
with respect to 7 and identify .# with its (isomorphic) image under the GNS-representation on
L?(A).

The algebra .# acts diagonally on the direct sum of Hilbert spaces @7, L?(.#) =: L*(.#)", as

(T1,...,xn) — (az1,. .., aT,), (a € M)

and we denote this operator by diag(a). Note, that n = oo is allowed and in this case the direct
sum is to be interpreted as the usual {>-sum of Hilbert spaces.

Also note, that a — diag(a) is a faithful, normal representation of .#, since it is just the n-fold
amplification of the (faithful, normal) GNS-representation m, of .#. Hence diag(.#) is a von
Neumann algebra in B(L?(.4)"™).

Definition 1.3.1. A Hilbert module over .# (or Hilbert .4 -module) is a pair (F€,7), where A
is a Hilbert space and m is a (unital) representation of M on F, with the following property:
There exists a closed diag(.# )-invariant subspace ' C L*(#)" and a unitary U : 5 — A"
such that the following diagram commutes for every a € M .

o —Ls 12 a0

ﬂ(a)l ldiag(a)

2 n
A —— L(M)

The Hilbert .# -module (€, ) is said to be finitely generated if 5 can be chosen as a subspace
of L>(#)" for finite n € N.

By a morphism between Hilbert modules (7€, m) and (A, p) over A4 we shall mean a bounded
linear operator f : 7 — & which respects the actions of M . That is,

f(m(a)x) = p(a)f(x) for alla € A and x € .

We will refer to such an operator as an . -equivariant operator and the space of M -equivariant
operators from (S, 7) to (&, p) is denoted by Hom™ (A, ) or B(H, # ).

Two Hilbert modules, (#,7) and (K, p), over M are said to be isomorphic if there exists a
unitary A -equivariant operator between them.

The category of finitely generated Hilbert .4 -modules is denoted FGHM( )

Note, that if (42, 7) is a Hilbert .#-module, then 7 is automatically a normal representation
of A and hence 7(.#) a von Neumann algebra in %(.7°). We shall often omit the reference to
the representation 7 and simply speak of 7 as a Hilbert .#-module. In the following, we shall
primarily be interested in finitely generated Hilbert .#Z-modules. In the remark below, some easy
facts about these are collected.

Remark 1.3.2. Letn € N and let # be a closed # -invariant subspace of L*(.#)™ and consider
the orthogonal projection p € B(L*(A)") onto H . Since H is .M -invariant, the projection p
is an M -equivariant operator on L2(.#)™. Thus, every finitely generated Hilbert .4 -module is
isomorphic to pL?(.#)" for suitable n € N and ./ -equivariant orthogonal projection p.

Note also, that if 74 and 5% are finitely generated Hilbert .4 -modules, then so is the direct sum
of Hilbert spaces 761 © 5, with respect to the diagonal action.
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If f: (A4,(:|')1) — (W, (-|")2) is a morphism of finitely generated Hilbert .4 -modules, then so
is the adjoint f* : (#5,{-|-)2) — (FA4,{-]-)1). To see this, we fix an a € A and arbitrary v € A4
and y € 5.

Then, if we suppress the x-algebra-homomorphisms from M to B(H7) and B(H3) respectively,
we get

(@|(ffa—af")y)r = (=[(fTa)y) — ([(af)y)
= (fzlay)s — (a"z|f*yh
= (a" fz|y)2 — (fa"z|y)2
((@"f = fa")z]y)2
0.

Thus, f*a = af*. In particular, if U is an A -equivariant unitary from 6 to 56 then also U* is
M -equivaraint and hence the notion of isomorphism in FGHM(.#) makes sense. (See also Remark
1.3.4 below)

If (A, 7) is any Hilbert A -module and T € B(H) is a self-adjoint M -equivariant operator,
then also f(T) is M -equivariant for any bounded Borel function f on o(T), since the space of
M -equivariant operators on F is equal to the von Neumann algebra w(M#)' .

Example 1.3.3. By definition, L?>(.#)" is a Hilbert module over .4 when endowed with the di-
agonal action, and finitely generated exactly when n is finite.

In the following we will often suppress the the diagonal-notation diag(a), and simply write a(z1, ..., zy)
in stead of diag(a)(xy,...,2yn).

By the results of Section 1.2, the map # > m —— ma € A extends to an operator R, in
B(L2( M), L2(M ) for every a € M and we proved that the map

MP S a—s R, = Ja*J € BL*( M), L*(M))7,

is a *x-algebra-isomorphism.
Thus, for n,m € N and a matriv A € My, (M) the A -linear map Ry : M™ — M™ given by

(1, xp)— (21, ..., xn)A,
extends to an operator (also denoted Ra) in B(L*(AM)", L>()™)” and every element in

B(L2( A, L2(A)™)? arises in this way.
As in the case n = 1, we see that the map

M, ()P 5 A — Ry € B(L*(H)™) 7,
is a *-algebra-isomorphism.

Remark 1.3.4. By definition, the morphisms in FGHM(.# ) is the bounded A -equivariant operators
and it is therefore natural to define an isomorphism in FGHM(.#') as an invertible .4 -equivariant
operator. We now prove, that this notion of isomorphism is equivalent to the one given in Defini-
tion 1.5.1.

So, let € and K be finitely generated Hilbert .# -modules and assume f : & — K to be a
bijective M -equivariant operator and consider the polar decomposition f = V|f| of f. Then V is
an isometry from rg|f| torg(f) = . (see e.g. [MV] Proposition 18.18)

Since f is invertible so is f* (closed range theorem) and hence also f*f is invertible. Thus

0¢ Vit e o(f* f)} =o(/ ) =0a(f),

and hence also |f| is invertible. Thus, V is an isometry from € to K . To see that V is M -
equivaraint, we let £ €  and a € M be given. Then, if we suppress the x-homomorphisms from
M to B(H) and B(H') respectively, we get

aV(|flx) = af(z) = f(ax) = V|f|(ax) = Va(|f|z), (for any z € )
and since rg(|f]) = H, we conclude that V is M -equivaraint.
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Having established the basic properties of Hilbert .#-modules, we turn our attention towards
the category of finitely generated projective modules over . .

Definition 1.3.5. Let P be a finitely generated projective module over .4 . By an inner product
on P we mean a map (-|-) : P X P — A such that for a,3 € M4 and p,q,r € P we have

1. {ap+ Bq|r) = alp|r) + Blq|r).
2. (ple) = {q|p)*

3. (plp) € A and (p|p) =0 only if p=0.
4. The map P > pw— (-|p) € Hom_4 (P, #) =: P* is an isomorphism of .# -modules.?

By a morphism between finitely generated projective M -modules, P and Q, with inner product we
shall simply mean an A -linear map. The set of morphisms from P to Q is denoted HomigfIP(P, Q).
We denote by FGPIP(.), the category of finitely generated projective M -modules with inner prod-
uct, which in this way becomes a full subcategory of the category of finitely gemerated projective
A -modules. The latter category, will be denoted FGP(M).

Example 1.3.6. As an example of an object in FGPIP(.# ), we can consider #™ (for somen € N)
endowed with the standard inner product (-|-)s given by

(a1, an)| (b1, bn))se = > aib}.
=1

One easily checks, that (-|-)s fulfills the requirements in Definition 1.8.5.
Unless otherwise mentioned, we always view ™ as an element in FGPIP(.A') with respect to the
standard inner product.

In the following remark, we collect some easy facts concerning finitely generated projective
A -modules with inner product.

Remark 1.3.7. Consider a morphism f : (P1,{(-|)1) — (P2, {-|-)2) of finitely generated projective
modules with inner product. Just as in the case of Hilbert spaces, we get a (unique)® adjoint
morphism f* : (P, (-|-)2) — (P, {-|-)1) by requiring that

(f(@)|y)a = (x| f*(y))1 forallxz € P, and y € Ps.

Note, that if A € My, ., (A) and we consider the . -linear map Ry : M™ — M™, then R = Ry~
when both A" and H#™ are endowed with their standard inner products.
If (P, (-[)1), (P2, (:|)2) € FGPIP(A), then (-|-) : PL ® Py given by

((p1,12) | (q1592)) == (P1]q1)1 + (P2]q2)2,

is an inner product on Py & Ps. Thus FGPIP(.) is stable under direct sums.
Unless otherwise mentioned, we always view Py ® Py as an element in FGPIP(.#') with respect to
this inner product.
Note, that for any pair of objects P,Q € FGPIP(.#) the morphisms Hom™y (P, Q) has the struc-
ture of a complex vector space, where the addition is pointwise and multiplication by scalars is
defined by

(Af)(@) := (ALg) f ().
In this language, the contents of Example 1.3.8 may be reformulated in the following way:
The map from Hom"y P (™, M™) to Hom" g (L? ()", L*(M)™) which extends a morphism by
continuity, is an isomorphism of vector spaces.

2See e.g. Definition 1.1.7
3Existence of f* follows from 4. and uniqueness follows from 3. in Definition 1.3.5.
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We adopt the following language from the theory of Hilbert spaces.

Definition 1.3.8. An endomorphism f in FGPIP(#) is called self-adjoint if f* = f and an
isomorphism u is called unitary if u* = u='.

An endomorphism f : (P,{-]-)) — (P, {-|-)) is called positive, if (f(x)|x) € M, for all x € P.

The main goal of this section, is to prove that the categories FGPIP(.#) and FGHM(.#) are
actually equivalent categories. (see e.g. Section 1.3.1 below for a definition) To this end, we need
to define a potential equivalence between the two categories. This is done in the following way.

Consider an object (P,(-|-)) in FGPIP(.#) and note that P is a complex vector space with
respect to the action A\-x := (Al)z. Since 7 (the fixed trace on .#) is faithful the sesquilinear form
7o(-|-) is a scalar-valued inner product on P and by completing P with respect to the associated
norm, we get a Hilbert space. Following Liick (see e.g. [Liic97]), we denote this Hilbert space by
v(P,{(-|-)). When it is clear from the context which inner product P is endowed with, we shall
sometimes omit the reference to the inner product and simply denote the completion by v(P).
One easily checks that v(.Z", (-|-)s) = L*(#)", where the latter is the direct Hilbert-space sum
of n copies of L?(.#). We now want to turn v(P, (-|-)) into an Hilbert .#Z-module and v into a
functor.

Before doing so, we introduce some terminology from category theory which will be needed.

1.3.1 A bit of category theory

In this section we briefly introduce the notion of equivalence of functors and equivalence of cat-
egories and we prove the one result needed for our purposes. The reader who is familiar with
category theory may therefore skip this part. More details on categories, functors, equivalences of
categories, ect. can be found in [MacL].

Definition 1.3.9. Let C and D be categories and assume F' and G to be covariant functors from
CtoD.

A natural transformation from F to G is a family of morphisms a. : F(c¢) — G(c) (one for
each object in C), such that for any two objects ', ¢’ € C and any morphism f € Mor®(c’,c") the
following diagram commutes

F(c) F(c")
G(¢) 5 G

A natural isomorphism from F' to G is a natural transformation (ac)cconjcy from F to G, in
which each a. is an isomorphism. In this case (a;l)ceom(c) is a natural isomorphism from G to
F and we say that F and G are naturally isomorphic. This is denoted by F ~ G.

Definition 1.3.10. Let C and D be categories. By an equivalence from C to D, we mean a functor
F : C— D, for which there exists a functor G : D — C such that

e The composition F o G is naturally isomorphic to the identity functor idp on D.

e The composition G o F' is naturally isomorphic to the identity functor id¢ on C.

In this case, G is an equivalence from D to C and we say that C and D are equivalent.
If FoG =idp and G o F = id¢, we say that C and D are isomorphic categories and F (respectively
G) is said to be an inverse of G (respectively F ).



1.3. HILBERT MODULES 23

Proposition 1.3.11. [MacL] Let C be a category and assume that Cy is a full subcategory * of C,
with the property that each object ¢ € C is isomorphic to exactly one object ¢’ € Cy.
Then the inclusion functor I : C; — C is an equivalence of categories.

Proof. Choose, for each object ¢ € C, the unique object ¢’ € Cy isomorphic to it and an isomorphism
ae:c— . If ¢ € Cy we choose . = id.. Define G : C — Cy on objects by setting G(c) := ¢’

If ¢1,c2 € Cand f: ¢; — cp is a morphism, we define G(f) := ae, o foa ! : ¢ — .

In this way G is turned into a functor (this is easily verified) from C to Cy and obviously we have
G oI =idc,. We now need to prove that I o G ~ idc.

For any c¢1,ce € C and any morphism f : ¢; — ¢o we have the following commutative diagram

«

c1
4 ——>q
f Qcy ofoozc’l1
C2 ch

€2

Since 1o G(c1) = ¢}, I oG(cz) = ¢4 and I o G(f) = ae, o f o', this exactly means that
ToG ~ide. 0

We aim to prove that (for any finite von Neumann algebra .#) the categories FGHM(.#) and
FGPIP(.#) are equivalent. In the light of Proposition 1.3.11, our strategy for this is to find two
isomorphic subcategories Co C FGPIP(.#) and Dy C FGHM(.#), satisfying the requirements in
Proposition 1.3.11. This is done in the following section.

1.3.2 The equivalence of FGHM(.#) and FGPIP(.#)

Let .# be a finite von Neumann algebra, endowed with a fixed normal, faithful, tracial state 7.
For every finitely generated projective .#-module with inner product (P, (-|}), we defined (in the
last lines of Section 1.3) v(P, (-|-)) to be the Hilbert space completion of P, with respect to the
scalar-valued inner product 7 o (-|-). This construction has the following properties.

Lemma 1.3.12. [Liic97] Consider the sets {.#™|n € N} and {L*(.#)"|n € N}, as full subcate-
gories in FGPIP(.A') and FGHM(.#') respectively.

For every n,m € N and every .# -linear map f : H#" — HA™, f extends to a bounded M -
equivariant operator v(f) : L*(#)" — L?(.4)™.

In this way v is turned into a covariant functor from {.#"|n € N} to {L*(.#)"|n € N} and the
following holds.

(i) v:{#"n € N} — {L*>(4)"|n € N} is an isomorphism of categories.

(i) For any n,m € N, the map v : Hom"y F(A™, #™) — Hom S (L?(A)", L2(A))™) is an
isomorphism of vector spaces.

(i11) v preserves adjoints. Le. for any morphism f: A" — A™ we have v(f*) = v(f)*.
Almost all of Lemma 1.3.12 is already proven in the preceding part of this section, but since
the arguments are spread over four pages we put together the details.

Proof. We already noted that v(.#Z", (-|-)s) = L?(.#)™ and hence v is well-defined on objects.
As shown in Remark 1.1.2, any morphism f : .#"™ — .#™ is given by right multiplication with
a unique matrix A € M, ,,(#). In Example 1.3.3 we saw that every such morphism may be

4T.e. Mor®o (¢, c!") = Mor®(c/, ") for all objects ¢/, € Co
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extended by continuity to an operator v(f) : L?(.#)" — L*(.#)™ and that every .#-equivariant
operator arises in this way.
Since ”extension by continuity” clearly preserves composition of morphisms and extends the iden-
tity morphism to the identity morphism, it follows that v is a covariant functor.
Part (44) of the lemma is proven in Example 1.3.3. (See also Remark 1.3.7)
We now define u(L?(#)") := .#™ and for a morphism F : L?(.#)" — L?(.#)™ we define
w(F) := F| g». Then, by what is already proven, p is a functor and by construction an inverse to
v.
We now just need to prove that v preserves adjoints. Consider any morphism f : .Z™ — .#™.
The inner product on L?(.#)" is given by (extension of) 70 (-|-)s on .#™ and from this it follows,
that v(f*) and v(f)* must agree on the dense subspace .#™ C L?(.#)™ and by continuity there-
fore everywhere. (A more detailed argument for this fact will be given in the proof of Theorem
1.3.17 part (7))

O

Consider a matrix A € M, ,,(#). To this point we have used the symbol R4 to denote the
map Ry : M™ — #™, as well as its extension to L?(.#)". In the rest of this chapter, we reserve
the symbol R4 to denote the map R4 : #™ — .#™ and denote by v(R4) its extension to L2 (.#)".

Observation 1.3.13. Consider a finitely generated projective .# -module P. By Lemma 1.1.1, P
is isomorphic to M ™p for some n € N and some idempotent matriz p € M, (A ).

Since p is idempotent, the extension v(Ry) : L*>(#)" — L*(#)" is idempotent and has therefore
closed range and since v(Ry,) is A -equivariant its range is A -invariant. Thus, rg(v(Ry)) is a
finitely generated Hilbert .# -module. Let @ denote the (M -equivariant) projection in B(L*(A)™)
onto rg (V(R,)) and let g € M, () be the unique self-adjoint and idempotent (see e.g. Ezample
1.8.3) matriz such that v(Rq) = m. We now show that

M"p = M"q.
We have
l/((id(//(n — Rq)Rp) = (idLZ(//l)n — W)V(Rp) = 07
and, by Lemma 1.3.12, this implies (id_g» — Ry)R, = 0. Thus,

AM"p =1g(R,) C ker(id_y» — Ry) =rg(R,) = A "q.

Similarly we have
v((id.gn — Rp)Rq) = (idp2(pyn — V(Ry))T =0,

and thus A™q C M ™p.
This proves the following.

Any finitely generated projective .#-module is isomorphic to .#"q for a suitable n € N and
idempotent self-adjoint matrix ¢ € M, (.#).

Since the trace T, @ M, (A#) — C is faithful, this implies that the (non-extended )dimension
function dim_4(-) is faithful. That is, if P is a finitely generated projective .# -module then
dim_y4(P) = 0 if, and only if, P = {0}.

Lemma 1.3.14. Every finitely generated projective . -module admits an inner product.

Proof. Since any finitely generated projective .#-module, is isomorphic to .Z"p for some n € N
and some self-adjoint idempotent p € M, (.#), it suffices to prove the claim for modules of this
type. We now claim, that the restriction of (-|-)s to .#™p is an inner product.

Clearly the restriction of (-|-)¢ fulfills 1.,2. and 3. in Definition 1.3.5, so we only have to check
that .#"p > x — (-|x)s € (A ™p)* is an isomorphism.
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To see that & — (-|x)s is surjective, we need to prove that every .#-linear map f : .4"p — A
has the form f(x) = (x|xo)st for a suitable xg € .#™p.

The map fo R, : 4" — M is #-linear and hence of the form f o R,(z) = (x|y)s for some
y €A™ For x € #"p we have

f(x) = [ o Rp(Rpx) = (Rpx|y)ss = (x| Byy)st = (x| Bpry)se = (2 Rpy)st,

and hence z¢ := R,y has the desired property. A similar argument shows that x — (-|z)g is
injective.
U

As the proposition below shows, the inner product on a finitely generated projective .#-module,
constructed in the proof of Lemma 1.3.14, is essentially unique.

Proposition 1.3.15. [Liic97] Let Py and Py be finitely generated projective A -modules, with inner
products {-|-}1 and (-|-)o respectively. Then (Py,{-|-)1) and (Py,{-|-)2) are unitarily isomorphic if,
and only if, P and Py are isomorphic as . -modules.

Proof. The ”only if” statement is clear.

Assume that P; and P, are isomorphic as .#Z-modules. We start with some reductions.

By Observation 1.3.13, we may assume, that P; = .#"p for some n € N and self-adjoint idempo-
tent p € M, (.#). Since P; and P, are isomorphic, we may also assume that P, = P, and that
(-]-)2 is the standard inner product (-|-)s restricted to P, = .#"p C .#™. The problem is now
reduced to finding a unitary isomorphism from (Py, (-|-}1) to (P, {-|-)st).

Define f : P, — P, be requiring that

(z|y)1 = (fz|y)s; for all z,y € Py.

(f is the adjoint of the identity id : (Py, (-|-)st) — (P1, {-|)1).)
Note, that for any x € P; we have (fz|z)sy = (x|x)1 € #4+. Furthermore, f is self-adjoint with
respect to (-|-)s, since for any z,y € P; we have

(@|fy)se = (Fyle)s = Ylon = (elyh = (f2]y)se.

Let ¢ denote the inclusion P; C .#™, and consider the morphism f’ :=cto fo R, : A" — H".
Using that R, is self-adjoint and idempotent, one easily checks that f’ is self-adjoint and positive
with respect to (-|-)st. Hence the operator v(f’) on L?(.#)" is positive (in the operator sense)
and it therefore has a square root inside Z(L?(.#)™). Note that \/v(f') is again .#-equivariant
by Remark 1.3.2. Define g := R, o pu(+/v(f’)) o : Pi — Pi, where p is the inverse functor to v
defined in the proof of Lemma 1.3.12. Using that /v(f’) is self-adjoint, it is not hard to check
that g is self-adjoint with respect to (-|-)s; and we now claim that g* = f.

To see this, we first prove that p(y/v(f’)) o R, = u(+/v(f')). By construction of f’ we have
f'o R, = f" and hence v(f") o v(R,) = v(f’). Thus, for any N € N and a4,...,an € C we have

N

ar(v(f)F) o v(Ry) = 3 an(w(f)" (+)

k=1

/
-

Since v/0 = 0, the function ¢ — v/t on o(v(f')) can be approximated uniformly by polynomials
without constant terms and from the identity (%) we conclude that /v (f’) o v(R,) = \/v(f").
Applying the functor p now gives u(+/v(f’)) o Ry = p(v/v(f"))-

With this identity established, we are now in position to prove that g? = f.
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Choose any « € P; = .#"p. We then have

9* () = Ry o p(\/v(f")) 0 Lo Ry o pu(/v(f7))
= Ry o p(v/v(f")) 0 Ry o pu(/v(f")(x)
= Ry o (u(\/v(f)V/v(f))()
= Ry o p(v(f"))(=)

=Ryo f'(2)

= Ry(f o Ry(x))

= R,(fx) (since = € A "p)
= f(z), (since f(z) € A "p)

and hence ¢g? = f. Thus, for given z,y € P; we have

(92| gy)st = (9" 92| Y)se = ("2 |Y)st = (fx|y)se = (z|Y)1-

Since f is bijective so is g and hence g is a unitary from (Py, (-|-)1) to (Py, (-|-)st). This completes
the proof. O

Corollary 1.3.16. FEvery finitely generated projective .4 -module possess an inner product, which
is unique up to (unitary) isomorphism.

Proof. The statement is just the combination of Lemma 1.3.14 and Proposition 1.3.15. O

We are now ready to prove the promised equivalence between FGPIP(.#) and FGHM(.#).

Theorem 1.3.17. [Liic97] For any (P1,{-|-}1) and (Ps,{-|-)2) in FGPIP(.#) and any morphism
f: P1 — Py, the completions v(P1) and v(P) are finitely generated Hilbert modules over .# and
f extends to a bounded A -equivariant operator v(f) : v(Py) — v(P).

In this way, v is turned into a covariant functor from FGPIP(.#') to FGHM(A ).

Furthermore

(i) v is an equivalence of categories.

(i) For any Py, Py € FGPIP(M), the map v : Hom"y " (Py, Py) — Hom"y " (v(Py),v(Py)) is an
isomorphism of vector spaces.

(iii) v preserves adjoints. ILe. for any morphism f in FGPIP(.A) we have v(f*) = v(f)*.
Proof.

Proof of (i): By Proposition 1.3.15 and Observation 1.3.13, it suffices to check that
v((A"p,(-|)st)) € FGHM(# ) for any n € N and any self-adjoint idempotent p € M, ().
Consider the extension v(R,) : L*(.#)" — L*(.#)" and note that v(R,)L*(.#)" € FGHM(.#)
since v(R,,) is an .#-equivariant projection.

When #"p = R,(.#™) is endowed with the norm induced by the scalar-valued inner product
70 (| )st, the inclusion R,(.#™) C v(R,)L*(.#)" is an isometric .#-embedding of vector spaces.
Since Ry,(.#™) is dense in v(R,)L*(4 )", we get v(Ry(A™),(-|-)st) = v(Rp)L*(A )™ € FGHM(.A).
We now prove that any FGPIP-morphism f : (#"p, (-|-)st) — (#™q,(-|-)st) can be extended to
an FGHM-morphism v(f) : v(Ry)L* ()" — v(Ry)L* ()™

Denote by ¢ the inclusion .Z™q C .#™ and consider the FGPIP-morphism

g:=tofoRy: H" — A
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By Lemma 1.3.12, g extends to an FGHM-morphism v(g) : L?(.#)"™ — L*(.#)™.
For x € 4™ we have
v(g)(zp) = (o f o Ry)(zp) = f(xp) € A"q.

From this it follows that
e v(g) maps v(R,)L*(A)" into v(R,)L*(H)™

e The restriction v(f) := v(g) cv(Ry)LA( M) — v(Ry)L?(M)™ extends f.
v(Rp) L2 ()™
Since ”extension by continuity” respects composition of morphisms and the identity morphism
extends to the identity morphism, we see that v defined in this way is a covariant functor.
Before proving that v is an equivalence of categories, we prove (i) and (i47).

Proof of (ii): We need to see that
v: Hom 'y ™ (Py, Py) — Hom " (v(Py), v(P2)),

is an isomorphism of vector spaces, for arbitrary (Pi, (-|-)1), (P2, (-|-)2) € FGPIP(.#).

Since v extends morphisms by continuity, it follows that v is C-linear and injective and hence we
just have to prove that v is surjective.

As above, it suffices to consider the case where Py = (A4 "p,(-|-)st) and Py = (A#™q,(-|*)st). So,
we need to see that every .#-equivariant operator F : v(R,)L*(#)" — v(Ry)L*(.#)™ arises as
the extension of an .Z-linear map f : #"p — #™q. To see this, we let + denote the inclusion
v(Ry)L?()™ C L*(.#)™ and consider the operator

G:=10Fouv(R,): L*(M)" — L*(H)™.

By Lemma 1.3.12, there exists a (unique) matrix A € M, ,,,(#) such that v(R4) = G.
For x € .#™ we have

Ra(zp) = G(ap) = vo Fov(R,)(ap) = F(xp) € 1g(F) C v(Rq) L*(A)™. (1)

But Ra(zp) € .#™ and hence R4 maps #"p into v(Ry)L*(#)™ N .A™ = .#™q. Thus, we
can consider the restriction of R4 to .#"p as a morphism f : .#"p — .#™q. The extension
v(f) : v(Ry)LA(M)" — v(R,)L*(#)™ coincides with F, since the computation (f) shows that
the two maps agree on the dense subspace .#Z™p.

This concludes the proof of (i7).

Proof of (iii): By Proposition 1.3.15, it suffices to consider modules of the form (.Z"p, (-|-)st)
and (#™q, (-|-)st) where p,q are idempotent self-adjoint matrices in M, (.#) and M,,(.#) re-
spectively. We now consider a morphism f : .#™p — .#™q and wish to prove that v(f*) = v(f)*.
Let x € .#"p and y € .#™q be given and let (-|-) denote the inner product on both L?(.#)" and
L2(.#)™. Then

(@|(w(f) =v(H))y) = @lv(f)y) — (@[v(f)y)
y) — (v(f)z|y)
y) — (fzly)

lv

| £

| f*
Tz st — (fx]y)st)
0.

(x
= (x
=(z

Hence (v(f*) — v(f)*)y is orthogonal to the dense subspace .#™p and thus zero. Since this holds
for any y in the dense subspace .#™q C v(.#™q, (-|-)st), we conclude that v(f*)—v(f)* = 0. This
completes the proof of (7).

We now prove that v is an equivalence of categories.
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Proof of (i) continued: Consider the full subcategory
C:={(A"p,(-|')st) | n € N, p a self-adjoint and idempotent matrix in M, (#)},

in FGPIP(.#). On C we consider the equivalence relation ”being unitarily isomorphic to” and for
each isomorphism class we choose a representative.

Denote by Cq the full subcategory in FGPIP(.# ), consisting of those representatives. By construc-
tion Cy has the following property:

For every ¢ € FGPIP(./) there exists a unique ¢’ € Cy such that ¢ ~ .

Consider

Do = {v(Bp) L* ()" | (AP, (| )st) € Co }
as a full subcategory of FGHM(.#). We now want to prove that
For every x € FGHM() there exists a unique *’ € Dy such that x ~ x'.

Any object x in FGHM(.#) is (unitarily) isomorphic to wL2(.#)" for some n € N and an .-
equivariant projection 7 : L?(.#)"™ — L*(.#)".

By Lemma 1.3.12, there exists an idempotent self-adjoint matrix p € M, (.#) with v(R,) = =.
Then (A "p, (-|-)st) € FGPIP(.#') and thus there exists a unique k£ € N and self-adjoint idempotent
matrix ¢ € My (.#) such that (.#%q,(-|")ss) € Co and (#*q, (-|-)s) is unitarily isomorphic to
(M"p, (-|")s). This implies, that also their completions, v(.#*q) and v(.#"p), are unitarily
isomorphic and thus

z ~ v(R,) LA ()" ~ v(R,)L*(#)F € Dy.

This shows, that any object in FGHM(.#) is isomorphic to one in Dy and we now have to prove that
this object is unique. So, consider arbitrary .#"p, .#™q € Co and assume that U : v(R,)L*(.4)" —
v(Ry)L?(.#)™ is a unitary .#-equivariant operator. By what is already proven, U|_zn, is an iso-
morphism from .#Z™p to .#™q and by Proposition 1.3.15 it now follows that .#™q and .#™p are
unitarily isomorphic. By construction of Cy we therefore have .#"p = .#"q.

Applying Proposition 1.3.11, we now have that FGPIP(.#) is equivalent to Cy and that FGHM(.#)
is equivalent to Dg. Hence it suffices to show that Cy and Dy are equivalent.
Denote by 1 the restriction of v to Cy. We then define a functor pg from Dy to Cy by setting
po(v(Rp)L2(A)™) := #™p and for a morphism F : v(R,)L*(#)" — v(R,)L*(.#)™ we define
po(EF) := F| gnp. (That uo is a functor follows from (i%)) Clearly ug o vy = ide, and v o pg = idp,
and hence Cy and Dy are isomorphic categories. In particular equivalent.

Definition 1.3.18. By Theorem 1.3.17, v : FGPIP(.#) — FGHM(./) is an equivalence of cate-
gories. We now choose a fived functor v=1 : FGHM(.#) — FGPIP(.#) such that v ov™! ~ idpgy
and 1/71 (ol Zas idFGPIP'

If A € FGHM(M), we define its Murray-von Neumann dimension over M as dim_gz (v~ () and
we denote it dim 4 (). (Compare e.g. to [Lic02] Section 1.1)

This is well-defined by Theorem 1.3.17.

Remark 1.3.19. As our notation is set up, a minor ambiquity arises: Consider (Py,(-|-)1) and
(Py,(-]-)2) in FGPIP(A) and an 4 -equivariant operator F : v(P1) — v(Ps).
Then the symbol v=(F) carries the following two meanings

(1) The unique map f : Pi — Py such that v(f) = F, provided by the isomorphism of vec-
torspaces from Theorem 1.3.17 part (ii).
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(2) The morphism v=1(F) : v=1(v(P))) — v~ 1 (v(P)).
However, since v~ o v ~ idggprp we have isomorphisms ap, : v (v(Py)) — Py and

ap, : v Y (v(Py)) — Py making the following diagram commutative

vTH(F)
v (v(P)) v (v(P))
Oépl ~ ~ Ozp2
P, 7 Py

We will therefore not develop notational distinction between the two maps, but distinguish between
them by specifying there domain- and range-space, if necessary.

Lemma 1.3.20. Let n,m,l € N and consider a sequence of .# -homomorphisms

AL s, (+)
and the induced sequence
2 nv(f) ;2 m v(@) ;2 1
L(#)" — L* (M) — L*(A)". ()

If (xx) is exact, then so is (x).

Proof. Since f = v(f)|.4» and g = v(g)|.4m, it is clear that go f = 0.
Let 7 denote the projection onto ker(v(g)) and let p denote the projection onto ker(v(f))*. Then

T :=v(f)l,r2cay : pL* (M) — wL? ()™,

is a bounded, invertible, .#-equivariant operator. Thus the same is true for T~! and by Theorem
1.3.17 we know that T~ maps wL2(.#)™ N.#™ into pL*()" N AH™.
Consider any z € .Z™ and assume that gz = 0. Then

z € ker(v(g)) N A™ =rL*(M)" NAH™,
and hence y := T~ 'z € pL?(.#)" N .#™. We now get
fy=v(fly=v(HT 'z ==,

and the proof is complete.

We are now able to prove the promised semi-heriditaryness of finite von Neumann algebras.

Corollary 1.3.21. [Liic97] Any finite von Neumann algebra A is semi-hereditary. That is, every
finitely generated left ideal in A is projective, when considered as an 4 -module.
Hence every projective . -module is semi-hereditary.

Proof. Let ¢ be any finitely generated left ideal in .# and choose a suitable n € N and a
homomorphism f : .#™ — .# with ¢ as its range. If ker(f) is a direct summand in .#Z", then
I ~ M"/ker(f) is isomorphic to a direct summand in .#™ and therefore projective. Hence we
aim to show that ker(f) is a direct summand in .Z".

Applying the functor v, we get v(f) : L*(#)" — L?(.#) and we denote by p, the orthogonal
projection in B(L*(.#)") onto ker(v(f)). Since v(f) is .#-equivariant, the kernel ker(v(f)) is
invariant under the action of .Z and hence p is .#-equivariant. By Lemma 1.3.12 there exists
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a self-adjoint idempotent matrix ¢ € M, (.#), such that v(R,;) = p. Since R, is idempotent, its
range is a direct summand in .#™ and thus it suffices to show that rg (R,) = ker(f).
To see this, we consider the (by construction) exact sequence

v(Rq)
—

L2y "2 2y 18 ),

and by applying Lemma 1.3.20, we get exactness of the sequence
s

This means precisely that ker(f) = rg(g) and the proof is complete.
The last claim in Corollary 1.3.21 follows directly from Proposition 1.1.6. O

1.4 Properties of the generalized dimension function

Having constructed the functor v and established some of its properties, we are now able to prove
some practical results about the extended dimension function defined in section 1.1.1.

The advantage of the work in the previous section is, that we have the opportunity to transport
problems about finitely generated projective modules, into the Hilbert-module-framework — this,
for instance, allows us to make use of topological arguments.

As usual, . denotes a finite von Neumann algebra, endowed with a fixed normal, faithful, tracial
state 7.

As we saw in Section 1.3, we get a x-algebra-isomorphism

¢ 2 My ()P — Hom M (L ()", L*(M)") =2 B(L*(M)") 7,

which, on a matrix A°P, simply extends R4 : .#™ — .#™ by continuity.
The trace 7 on .# gives rise to a positive, faithful and tracial functional 7,, on M,,(.#)°P given by

n
Ta({ai}75) = D 7(ai)-
=1

Since ¢ is a *-algebra-isomorphism, the functional o, := 7, 0 ¢! on B(L*(.#)")# is faithful,
positive and tracial.

Lemma 1.4.1. The functional o, := 1, 0 o~ " : B(L*(M)")* — C is normal.

Proof. Let n denote the inclusion .# C L?(.#) and denote by &; the vector (0,0,...,0,1(1),0,...,0)
in L?(.#)", where n(1) is in the i’th position.
We now claim that

Z (T& &),

To see this, we consider T' = p({a;; }°P) € #(L 2(///) ) and calculate:

n n

Z<T£1 |§Z> = Z<n(ail)7 U »W(Gm) |§z>

i=1 %
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So, o, is a finite sum of vector-states and hence normal. O

Remark 1.4.2. If P is a finitely generated projective M -module and p € M, (M) is an idem-
potent matriz such that P ~ .#"p, then dim 4(P) = o0,(v(Ry,)), where o, is the trace from
Lemma 1.4.1. Conversely, if © : L>(.#)" — L*(.#)" is an . -equivariant projection, such that
rg (v=1(n)) =~ P, then dim_g (P) = o, (7).

Proposition 1.4.3. [Liic98] Let P be a finitely generated projective .4 -module and let K be any
submodule of P. Then the following holds.

1. The algebraic closure K™ is a direct summand in P. Hence both K¢ and P/fang are
finitely generated and projective.

2. We have dim,;;(?alg) = dim’, (K).

Proof. Let Q := {P;|i € I} be the family of all finitely generated projective submodules of K.
Then € is directed by inclusion, since for any P;, P» € € the submodule in K, generated by P;
and P5, is obviously finitely generated and hence projective since P is semi-hereditary.

Choose an inner product (-|-); on P; for each ¢ € I and let ¢; be the inclusion P; C P. Choose also
an inner product (-|-) on P. Applying the functor v, we get (for each i € I) a subspace rgv(t;)
in the Hilbert space v(P). Let p; denote the orthogonal projection onto the norm-closure rgv/(¢;)
and put p := \/,.; p;. Note that all the p;’s, and hence p, are .#-equivariant operators.

Consider the homomorphism v~!(p) : P — P. We now prove that

rgrl(p) = K"

This is sufficient since v=1(p) : P — P is an idempotent morphism, so its range is a direct
summand in P.

”C” Let f: P — .# be a homomorphism vanishing on K.

Since K ' (by definition) is the intersection of the kernels of all such homomorphisms, we need
to see that f vanishes on rgv—1(p).

Choose any ¢ € I. Since rg(s;) € K we have f o; = 0 and by functoriality v(f) o v(s;) = 0.
Therefore rgv(i;) C ker v(f) and hence also

rgp = spanc | re () ) = spane (| rgr(w]) € kerv(f).
i€l i€l

Thus we have v(f) o p = 0 and applying v~! yields f o v~!(p) = 0. Thus
rgv(p) C ker f.

?2”  For any x € K, the module .#Zx C K is a finitely generated submodule of P and therefore
an element in © by Corollary 1.3.21. Hence pz = x, which shows that 1,(py —p = 0 on K. Hence
1p —v7Y(p) = 0 on K and therefore K C ker(lp — v~1(p)). Since P is assumed projective,
Proposition 1.1.9 implies that ker(1p — v~1(p)) is closed in P and hence

K™ Clker(1p — v (p)) = 18 (v (p)

Since P = rg(v~!(p)) ®rg(1l — v~1(p)) is finitely generated and projective, it is clear that
K= rg (v~ 1(p)) is finitely generated and projective.
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For the same reason, P/rg(v~1(p)) = P/Falg is finitely generated and projective.
We now show the equality

dim_y (K ™®) = dim’ , (K),

which is well-defined, since we now know that falg is finitely generated and projective.
Because v(P) € FGHM(.#) it has the form 7 L?(.# )" for an .4 -equivariant projection 7 : L?(.# )" —
L?(#)". Then the . -equivariant operator p : L?(.#)" — L*(.#)™ given by

(50 ) m22r o (= mEa)y — nra) o (- L),
is a projection whose range is isomorphic to rg(p).
If we denote by o, the trace induced on B(L?(.#)"™)*” by the standard trace on M, (.#) (see e.g.
Lemma 1.4.1) we get

dim, 4 (K ™®) = dim_y (rg (v (7)) = n(p).

Fix an arbitrary i € I and extend p; : v(P) — v(P) to an .#-equivariant projection
pi: L*( )™ — L2(#)", in the same way as with p. We now want to prove that

dlm//l(PL) = 0On (131)

Consider v(¢;) : v(P;) — v(P) (which is one-to-one and maps v(P;) onto a dense subspace in
rg(p;)) and its polar decomposition V|v(s;)|. (see e.g. [MV] Prop. 18.18) Then V is an isometry
from rg (v(1;)*) = rg[v (1) to rg (v(1i)) = rg(pi).

Since v(¢;) is injective, v(1;)* : v(P) — v(P;) has dense image and hence V' is an isometry from
v(P;) onto rg(p;). To see that v(P;) and rg(p;) are isomorphic as Hilbert .#-modules, it is
therefore sufficient to prove that V is .#-equivariant.

Since v(1;) and v(i;)* are .#-equivariant, every polynomial in v(i;)*v(i;) is A-equivariant and
hence the same is true for \/v(¢;)*v(e;) = |v(4;)|. Given m € # and = € v(P;), we therefore have

(mV)([v(u)lz) = my(wi)(x) = v(e)mz = Vv()mz = (Vm)(|v(u)lz),

so that mV and Vm agrees on rg(|v(e;)|), which is dense in v(P;). This shows that V is .-
equivariant and we conclude that v(P;) and rg(p;) are isomorphic as Hilbert .#Z-modules.
Thus

dim_4 (P;) = 0,(p;)-

To finish the proof, we have to show that

on(P) = sup oy (Pi)-
icl
Since p; < p for every ¢ € I, the inequality ”>" is evident.
Define, for each finite subset .J in I, ¢; := Ve p; and extend ¢, to a projection ¢; : L?(A4)" —
L?(.#)™ in the same way as above. Then (G1)Jep,. () is a monotone increasing net of projections
and since p := Vierp; we get that (¢7) jep, (1) converges strongly to p.
Since o, is normal, this implies that ¢,,(p) = supep, (1) on(qs). Because (P);er is directed by
inclusion, every ¢y is dominated by an element in (p;);e; and the opposite inequality follows.
O

Corollary 1.4.4. [Liic98] Let P be a finitely generated projective 4 -module and let Q) be a finitely
generated projective A -submodule of P. Then dim 4 (Q) < dim_4(P).
This implies that dim’ ,(-) actually extends dim 4 (-).
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Proof. From Proposition 1.4.3, we know that Q is a direct summand in P and by Proposition
1.4.3 combined with additivity of dim_s(-) we have

dim_y (P) > dim_4(Q) = dim’,(Q) > dim_4(Q).
Hence
dim’ 4 (P) = sup{dim_,(P;) | P; C P; P, finitely generated and projective } = dim_z (P).

O

Before stating and proving the main theorem about the extended dimension function, we make a
small detour to prove some exactness-results for the functors v and v»~!, which will become very
useful in the sequel. To this end, first some notation.

Definition 1.4.5. A sequence 44 EiN %) <A H of finitely generated Hilbert .4 -modules is said
to be weakly exact if rg (F) is a dense subspace in ker(G).

Similarly, a sequence Pj 4 Py, % Py of finitely generated projective .4 -modules is said to be

weakly exact if malg = ker(g).
A morphism between two finitely generated Hilbert ./ -modules is called a weak isomorphism, if it
1s 1njective and has dense image.
Similarly, a morphism f : P — @ of finitely generated projective .# -modules, is called a weak

isomorphism if f is injective and rg (f) = = Q.

Lemma 1.4.6. [Liic97] Both v and v~! preserves exactness and weak exactness.
Proof. Consider sequences
Pl P, %P, in FGPIP(.). (1)
I ot S5 A in FeRM(A). (1)
Claim 1: The sequence (1) is weakly exact if, and only if, GF = 0 and for every 1, %5 €
FGHM(.#) and morphisms U : 7 — o and V : ] — % we have
(UF=0and GV =0)= UV =0.

In the shape of a diagram, this looks like

0
iv
Q

I~ Ay T A

0 iU
2

o

Proof: Assume first that (I) is weakly exact and let %], #5,U and V be as in Claim 1, with
UF =0and GV =0.
Then rg(V) C ker(G) = rg(F). From UF = 0 we get rg(F) C ker(U) = ker(U) and thus

rg (V) C 18 (F) C ker(U).

Conversely, assume that rg(F) C ker(G) and rg(F) & ker(G) and fix a non-zero vector z in
ker(G) \ rg(F). Put J# := Az and let V be the inclusion into .#%. Note that ¢ is a closed
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M -invariant subspace of the finitely generated Hilbert module %% and hence a finitely generated
Hilbert .#-module it self. Define J# := 5% /rg(F) (which is again a finitely generated Hilbert
A -module) and let U : 5% — 5 be the quotient mapping.

Then UF =0 and GV =0 but UV (z) = U(z) # 0, since z ¢ rg(F).

This proves Claim 1.

Claim 2: The sequence (f) is weakly exact if, and only if, gf = 0 and for every Q1,Q2 €
FGPIP(.#) and morphisms u: Py — Q2 and v : Q1 — P we have

(uf =0and gv =0) = uv = 0.

In the shape of a diagram, this looks like

l 0
v
f A

P14>P24Q>P3

0 EN

Q@2

Proof: The proof of Claim 2 is basically a copy of the proof of Claim 1. The details are as
follows:

Assume first that (1) is weakly exact and let Q1,Q2,u,v be as in Claim 2. Since uf = 0, we
have rg(f) C ker(u) and since Qs is projective, ker(u) is closed by Proposition 1.1.9. Thus
rg(f) C ker(u). Since gv = 0 by assumption, we get

rg(v) € ker(g) = rg(f) C ker(u).

Conversely, assume that g o f = 0 and that rg(f) & ker(g) and fix a non-zero element z €

ker(g) \ rg (f). Define Q; := .#x and v to be the inclusion .#x C P,. Note, that Q; is finitely
generated and hence projective by Corollary 1.3.21.

By Proposition 1.4.3, the module Q2 := P»/rg(f) is finitely generated and projective and we
define u to be the quotient mapping. Then uf = 0 and gov = 0, but wv(z) = u(z) # 0, since

x ¢ rg(f).

Since v o v~ !

~ idpgm and v~ o v =~ idggprp, it is not hard to check that both v o »~! and
v~ ! ov preserves weak exactness. Using this, and Claim 1 and Claim 2, it follows that both v and

v~! preserves weak exactness.

Claim 3: The sequence (1) is exact if, and only if, gf = 0 and for every Q € FGPIP(.#) and
morphism v : QQ — Py with gv = 0, there exists a morphism u : Q — Py with fu=wv

In the shape of a diagram, this looks like
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Proof: Assume first that () is exact and let @, v be as in Claim 3. Then rg(v) C ker(g) = rg(f)
and by projectivity of @), there exists u : Q — P; making the following diagram commutative

-

Plif»rg(f)

Thus u fulfills the requirements.
Conversely, assume that g f = 0 and that the lifting-property from Claim 3 is fulfilled for every pair
(Q,v). Since g is map between finitely generated projective modules, Proposition 1.1.9 together
with Proposition 1.4.3, implies that ker(g) is finitely generated an projective. We may therefore
choose @ := ker(g) and v to be the inclusion. Then, by assumption, there exists u : ker(g) — Py
such that fu = v and therefore

ker(g) = rg(v) = rg(fu) C rg(f).

Since gf = 0 by assumption, this shows that () is exact.

Claim 4: The sequence (1) is exact if, and only if, GF = 0 and for every ¢ € FGHM(.#) and
morphism V : & — 5 with GV = 0, there exists a morphism U : & — 75 with FU =V
In the shape of a diagram, this looks like:

H

U g E 0
e iv
# A

A —E > 5 S

Proof: Assume first that the GF = 0 and that the lifting-property from Claim 4 is fulfilled for
every pair (J£,V).

The kernel of G is a closed .Z-invariant subspace of % and therefore in FGHM(.#). We now
put £ := ker(G) and let V' denote the inclusion ¢ C J%. Then, by assumption, there exists
U: % — 7 such that V = F'U and hence

ker(G) =g (V) =1g(FU) C1g(F).

Assume conversely, that the sequence (}) is exact. Then rg(F) = ker(G) € FGHM(.#).
The Hilbert .#-module 7 splits as

M = ker(F) @ ker(F)*,
an the .Z-equivariant operator
Fy = Flyer(r)r : ker(F)" — rg(F)

is invertible. (with bounded .Z-equivariant inverse) By assumption, we have rg (V) C rg(F') and
we can therefore define U := FoflV. Then U is bounded and .#-equivariant and for every = € ¢
we have

FU(x) = FFy'Vz = V.

Since v o vt

~ idpgm and v~ o v =~ idggprp, it is not hard to check that both v o »~! and
v~! o v preserves exactness. Using this, and Claim 3 and Claim 4, it follows that both v and v !

preserves exactness.
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O

We can now prove the main theorem of this section, which consist of a list of properties of the
extended dimension function.

Theorem 1.4.7 (Properties of the dimension function). [Liic98] The extended dimension
function dim’ ,(-) has the following properties.

1. Let M be an A -module and let (M;);c; be a system of . -submodules of M. Assume
moreover, that (M;);cr is directed by inclusion® and that M = U;erM;. Then

dim’ (M) = S-g?dim‘/’”(Mi)' (%)

Such a system (M;);cr is called a cofinal system of submodules and the formula (x) will
therefore be referred to as cofinality of the (extended) dimension function.

2. Let 0 » M' — M — M" — 0 be a short-exact sequence of .4 -modules. Then
dim’ (M) = dim’ ,(M") + dim’ , (M"").

(With addition in [0, 00] being the obvious one)
We will be refer to this property as additivity of the (extended) dimension function.

3. Let M be a finitely generated .4 -module and let K be a submodule of M. Then K is a direct
summand in M, and the quotient M /K is finitely generated and projective.
Moreover -
dim’ 4 (K) = dim’ , (K).
This formula will be referred to as continuity of the (extended) dimension function.

4. If M is a finitely generated .4 -module, then PM is finitely generated and projective,
M ~TM & PM and

dim’ , (M) = dim’ , (PM) = dim, 4 (PM).
In particular dim’ , (M) is finite.

Proof.

Proof of 1. Consider any ¢ € I. Since every finitely generated projective submodule of M; is
also a submodule of M, the inequality ”>" is evident.

To prove the other inequality, it suffices to prove, that for any finitely generated projective sub-
module P of M, we can find a k € I such that P C M. To see this, we fix a finite set of generators
{&1,...,&u} of P. Since M = Ujer M; we can find 4y,...,i, € I with §, € M;; and since (M;);er
is directed by inclusion, there exists a k € I with Uiy M;; © M. Hence P C M.

Proof of 2. Consider a short-exact sequence 0 — M’ -5 M £ M” — 0 and let P C M” be any
finitely generated projective .#-module.
Since 0 € P we have rg (1) C p~1(P) and by restriction we obtain a short-exact sequence

0— M —p i(P) 2P —o.

Sle. Vi,j€I3kelst. My, M; C M.
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Because P is projective this sequence splits, such that p=1(P) ~ P & M'.
We therefore have

dim’, (M") + dim_g (P) = dim’ ,(M") + dim’ ,(P) < dim’ , (p~*(P)) < dim’ ,(M).
Since P was arbitrary, we conclude that
dim’ ,(M") + dim’ , (M") < dim’ ,(M).

To prove the opposite inequality, we consider an arbitrary finitely generated projective submodule
Q@ in M. We then get the following two short-exact sequences:

0——uM')NQ Q p(Q) 0 (%)

00— (MNNQ—=Q —=Q/u(M)NQ —=0 (%)

(All morphisms are the canonical ones and the closure is performed relative to Q)
Since @ is assumed to be finitely generated and projective, Proposition 1.4.3 implies that

Q=uM)NQ P Q/uM)NQ,

and that both summands are finitely generated and projective.
By additivity of dim_4 (), we have

dim 4 (Q) = dim_z («(M") N Q) + dim_4(Q/c(M’') N Q).

Moreover, Proposition 1.4.3 implies that dim_4(:(M’) N Q) = dim’, («(M’) N Q).
Because of the two short-exact sequences (*) and (#x*), we get an epimorphism
m:p(Q) — Q/u(M’) N Q by composing through the diagram

p(Q) = Q/(M)NQ —~ Q/u(M')NQ,
and hence another short-exact sequence
0 — kerm — p(Q) — Q/t(M')NQ — 0.

Because the right-most module in this sequence is projective, the sequence is split-exact and hence
Q/u(M") N Q is isomorphic to a submodule in p(Q).
Since Q/u(M’) N Q is finitely generated and projective, we now get

dim 4 (Q/u(M') N Q) < dim/, (p(Q)). (3 )

By combining these facts, we see that
dim 4 (Q) = dim_z (M) N Q) + dim_ 4 (Q/(M') N Q) (by (%))
< dim’, («(M') N Q) + dim’, (p(Q)) (by (%))

< dim, (M) + dim, (M"),

where the last inequality follows from the fact that p(Q) C M" and that «(M') N Q is isomorphic
to a submodule in M’.
Since this holds for any finitely generated projective @ C M, we have

dim’ , (M) < dim’ ,(M") + dim’ , (M),

and the claim follows.
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Proof of 3. We first notice, that in the case where M is also projective, the claim was already
proved in Proposition 1.4.3. Since M is finitely generated, we can choose an n € N and a surjective
homomorphism p : #™ — M. We now claim that

pYE) =p ()" and 4 p Y (K) ~ M/R.

Let € p~1(K) be given and consider an arbitrary homomorphism f : .#™ — .# vanishing on
p~1(K). We need to show that f(z) = 0.

Since f vanishes on p~!(K) D kerp, we get an induced homomorphism f : .#™/kerp — .4 .
Letting ¢ denote the isomorphism .#™/kerp — M induced by p, we get a homomorphism
g:=fop t:M — .. One easily checks that g vanishes on K and, by construction of x, we get

0=g(p(x)) = fl¢~ ' (pz)) = f(z + kerp) = f(x).

"
This shows that p~}(K) C p~1(K) B
For the opposite inclusion it suffices to prove that p~1(K) is closed in .#Z™.

So, choose any x € p*l(F)/ﬂ and any homomorphism f : M — .# vanishing on K. We need to
prove that f(p(z)) = 0, and by definition of z, it suffices to show that f op: .#™ — .# vanishes
on p~!(K). But this is true by construction of f.

To prove the isomorphism-statement in the claim, one easily checks that ¢ : .#" /p~1(K) — M/K
defined by

r+p YEK)— plx) + K

is well-defined and indeed an isomorphism.
We now proceed with the proof of 3. By what was just proven, we get

A B = )y (B) ~ MU,

and by Proposition 1.4.3 the left-most module is finitely generated and projective. Hence the same
holds for M /K. Proposition 1.4.3 also gives

n

. _ . —g . 1,7 . 1,
dim’, (p~(K)) = dim¢ (p~1(K) " ) = dim.g (p™"(K)) = dim/, (p™" (K)).
Using the additivity of dim’, () on the two short-exact sequences
0 — kerp ——p 1K) 2 K —0 and 0 — kerp —p Y(K) LK —0,

it follows that dim’,, (K) = dim’, (K).
To see that K is a direct summand in M, we just note that the short-exact sequence

0—K-—M-— M/K — 0,

is split-exact since M /K is projective.

Proof of 4: This follows directly from 3. applied to K = {0}. O

Corollary 1.4.8. If M is a finitely generated .4 -module, then
dim! (M) = dim , (M),

where M* is the dual module defined in Definition 1.1.7.
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Proof. By definition, M* = Hom 4 (M, .#) with .#-module structure given by

(mf)(x) = f(z)m?,

forme A, f € Homp (M, #) and x € M.

Since M is finitely generated, PM is projective by Theorem 1.4.7 and by Corollary 1.3.16 the
module PM therefore possess an inner product (-|-), which is unique up to unitary isomorphism.
Note, that this implies that PM > x +— (-|z) € (PM)* is an isomorphism.

By Theorem 1.4.7, we have dim’, (M) = dim’,(PM) and it is therefore sufficient to prove that
M* and (PM)* are isomorphic. Let x denote the qoutient-map M — M/{0} =: PM. Then

p: (PM)" — M*,

given by f — f ok is .#-linear and since & is surjective ¢ is injective.
To see that ¢ is also surjective, we need to see that every morphism f : M — .# factorizes (via x)
through a morphism f : PM — .#. For this it is sufficient to see that f vanishes on {0}, which
follows directly from the definition of closure.

O

Corollary 1.4.9. [Liic98] The extended dimension function dim’,(-) is the only extension of
dim_4 (+) to arbitrary A -modules, satisfying continuity, additivity and cofinality.

Proof. Since the system of finitely generated submodules of any module M is cofinal, it suffices to
show that dim_4(+) is the only extension to finitely generated modules, satisfying additivity and
continuity. By Theorem 1.4.7 part 4., we have dim’,(M) = dim’,(PM) = dim_g(PM) for any
finitely generated module M and since part 4 (via part 3) is a consequence of only additivity and
continuity, the uniqueness follows. O

Remark 1.4.10. In the light of Corollary 1.4.4 we will often omit the distinction between dim 4 (-)
and dim’, (-) and just use the symbol dim_4(-) to denote them both.

Corollary 1.4.11. [Liic02] Let P and Q be finitely generated projective .4 -modules and let f :
P — @ be a homomorphism. Assume moreover, that dim_4(P) = dim_g(Q). Then the following
statements are equivalent

(i) f is injective.

(ii) rg(f) = Q-
(iii) f is a weak isomorphism.

Proof.

?(i) = (ii)” Assume f is injective. Since @ is projective, rg(f) is a direct summand in @ by
Proposition 1.4.3 and hence @Q/rg(f) is also finitely generated and projective.
Using Theorem 1.4.7 we get

dim 4 (Q/rg(f)) = dim_ 4 (Q) — dim_z (rg (f))
= dim_4(Q) — dim_4 (rg (f))
Q) — dim_4(P)

= dlm///(
=0.

Since dim_g(+) is faithful on the class of finitely generated projective modules, we conclude that

Q =rg(f).




40 CHAPTER 1. THE GENERALIZED MURRAY- VON NEUMANN DIMENSION

?(ii)= (iii)” Assume rg(f) = @ and note that

dim_ 4 (P) = dim 4 (Q) = dim_# (rg(f)) = dim 4 (rg (f)).

Using additivity of the dimension function on the short-exact sequence

0 — ker(f) == P - g (f) — 0,

we conclude that dim 4 (ker(f)) = 0. Since f is a map between finitely generated projective
modules, its kernel is closed and hence by Proposition 1.4.3 finitely generated and projective.
Hence ker(f) = {0} and f is a weak isomorphism.

Since (#44) = (i) is trivial, the proof is complete.

We now proceed with an investigation of the behavior of the dimension function with respect
inductive limits. To this end, note that Theorem 1.4.7 part 1. is a special case of an inductive limit
process. We briefly recall the general notion of inductive limits. For this purpose, we consider a
directed set (I, <) and a family of modules (M;);c; over some unital ring R. Assume moreover
the following;:

For each 7,5 € I with ¢ < j there exists a homomorphism ¢j; : M; — M; and if 4,5,k € I with
i < j <k then ¢rjp;; = @ri- Then the following holds:

Proposition 1.4.12. There exists an R-module M, called the inductive limit of the system
(M;)ier and a family of homomorphisms ¢; : M; — M, such that

(i) M = Userpi(M;).
(i1) For each pairi,j € I with i < j we have ¢; = p;p;;.

(#ii) The inductive limit is unique in the following sense: If (N, (1;))icr fulfills (the analogue of)
(1) and (ii), then there exists a (unique) isomorphism « : M — N making the following

family of diagrams commutative:
M;
N
M———>N

(iv) For each iy € I we have ker p;, = U;>4, ker(pi, )-
The inductive limit M is often denoted lim M;.

This is a standard algebraic construction and we omit the proof here. More details on inductive
limits can be found in [WO] and [RLL].

Assume, as before, that .# is a finite von Neumann algebra endowed with a fixed normal,
faithful, tracial state 7. Then the following holds.

Theorem 1.4.13. [Liic98] Consider a family (M,);er of .# -modules with homomorphisms @;; :
M; — M; whenever j > i, satisfying the compatibility conditions ¢y;¢j; = Pri, when k> 7 > 1.
Let ¢; : M; — lim M; =: M be the morphisms from Proposition 1.4.12. Then the following holds.

(1) dim_z (M) = sup;c; dim_z (¢;(M;)).
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(i) If moreover each i € I is dominated by an i’ € I (i.e. i <i') such that dim_ gz (rg(pi;)) is
finite, then

dim 4 (M) = sup ;Hf(dlm%(rg(%v)))
iel 321

During the reading of the proof, it might be helpful to take a look at the diagram placed at
the end of the proof, which encodes the relative position (with respect to the directed set I), of
some of the modules appearing in the proof.

Proof. By Proposition 1.4.12, we have M = U,;crg(p;) and since @; = ¢; o ¢;; whenever j > i,
the system (rg(¢;))icr is directed by inclusion. Applying cofinality of the dimension function
(Theorem 1.4.7) to the system (rg(p;))ics yields the equality in (7).

To prove (i) it suffices to prove the following identity

dim.z (rg (i) = inf dim. 4 (rg (52)),
for each i € I. Fix an ¢ € I and choose (according to assumptions) an ¢’ € I such that ¢’ > ¢ and
dim 4 (rg (¢i7i)) < co. By Proposition 1.4.12 we have ker(y;) = U;j>; ker(¢;;7) and hence
ker(pir) Nrg (piri) = Ujzir ker(wjir) Nrg(pii)-
Applying cofinality to the system (ker(p; i) Nrg(wir;)) > We get

dim. (ker(pir) N1g (is)) = sup dim.g (ker(;) N1g (i11)). ()
J=t

Since @; = ;s we get
dim_z (rg (:)) = dim.z (18 (0 |vg (4,,)))

= dim_z rg (¢ir;) — dim_z (ker o Nrg(wirs)) (Additivity)
= dim_g rg (pirs) — sup dim_g (ker(g;i) Nrg (i) (by (1))
jzv

= jilzllf, (dim_z (rg (pii)) — dim_g (ker(@jir) Nrg (piri)))

= ]H>1£ dlm/f (I‘g (90,7'1" |rg (apzzl))) (AddlthIty)

= jH>1£/ dlm//f rg (SDJ’L) (since SDJ’L’ Vi = Sojl)

2 1r>1f dim_z 1 (i) (since @' > i)
j>i

To see the opposite inequality, we note that for any j > ¢ there exists k > 7,7 and we therefore
get

dim g (rg (pri)) = dim.z (rg (¢r;ji)) = dim.g (pr;(rg (05i))) < dim g (rg (@5i))-
This, combined with the two last lines in the above computation, gives

inf dim_z (rg (¢;:)) = inf dim_z rg (p;;).
j=i j>i

We now have dim 4 (rg (¢;)) = inf;>; dimﬂ(rg(gpji)) and (i7) follows.

7
° J24>Mk4>"'

oM

Ja —_— ...
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O

Remark 1.4.14. The formula in Theorem 1.4.13 (ii) does not hold (in general) without the
assumption that each i € I is dominated by an i’ with dim_4 (rg (i) < 0.
To see this, we consider the case I = N and define

M; = #/F D) — fp {ii+1,...} — .4 | supp(x) is finite },
and for j > i we define
wji((Tr)rz;) = (Tr)iz;

This turns (M;);en into an inductive system and we denote by M its inductive limit and by (p;)ieN
the associated maps @; : M; — M. We now claim that M = {0}.
To see this, consider any i € N and an v = (zx)5>,; € M;. Then, since x has finite support, we
can choose N € N such that N > i and supp(z) C {i,...,N — 1}. We then get

vi(r) = oneni(z) = pn(0) =0,
and since M = U,enrg (p;) we conclude that M = {0}.
On the other hand, for each i € I we have dim_gz(M;) = oo, since for any given K € N the
submodule
is free on K generators and hence of dimension K.
Because each pj; is surjective, we see from this that

sup inf dim_z (rg (¢;:)) = oc.
iEN J>1

We end this section, by introducing a special class of modules, which will be needed in the
investigation of the so-called induction-functor which we introduce in the following section.
As before, .# denotes a finite von Neumann algebra, endowed with a fixed, faithful, tracial state
T.

Definition 1.4.15. An .# -module M is called finitely presented if there exists an exact sequence
of morphisms

AL s M — o, (+)
and, in this case, the sequence (x) is called a finite presentation of M.

The properties of finitely presented modules, which is of relevance to us, is collected in the
following lemma. For more results on finitely presented modules, we refer to [Liic97].

Lemma 1.4.16. [Liic02] Let M be an .4 -module. Then the following holds.
(i) M is finitely presented, if, and only if, there exists an exact sequence of the form
0—P— A" — M —0,

where P is finitely generated and projective.

(ii) If M and N are finitely presented .4 -modules and f : M — N is a homomorphism, then
rg (f) is finitely presented.

(iii) If M is finitely presented and dim_4 (M) = 0, then there exists an exact sequence of the form
0—>¢///nL>¢///n—>]\4—>07

where f is self-adjoint, with respect to the standard inner product (-|-)sx on A™.

Proof .
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Proof of (i): Assume that 0 — P L #m % M — 0 is exact and that P is finitely
generated and projective. Then P is (isomorphic to) a direct summand in .#™ for suitable n € N.
That is, #™ = P @ Q for some module Q. Define F : 4™ — .#™ by F(z,y) = f(z). Then

s ™ M0,

is a finite presentation of M.

Conversely, if .#Z" T L M — 0 s a finite presentation of M, then ker(g) is finitely
generated and hence projective by Corollary 1.3.21. Then

0 — ker(g) - 4™ - M — 0,

has the required properties.

Proof of (ii): Choose a finite presentation .#" s M 25 N — 0 of N. We then have an
exact sequence

M g g () L g (f) — 0.

Since both rg(f) and ker(g) are finitely generated, one easily checks that P := g~ 1(rg(f)) is
finitely generated and, by Corollary 1.3.21, therefore projective. Thus, up to isomorphism, we
have .#' = P & Q for some module @ and some [ € N.

Define o : A" & M — #' by

M SPSQ 3 (z,y,2) — (h(x),2) e POQ,

and 3 :.#' — rg(f) by
P®Q > (z,y) — gz € 1g(f).

Then . 4" & 4" = ' 2> rg(f) — 0 is a finite presentation of rg(f).

Proof of (iii:) Assume that M is finitely presented with dim 4 (M) = 0 and choose (according
to (i)) an exact sequence

0—P-L 4" LM —0,

with P finitely generated and projective. Since dim_4 (M) = 0 and g is injective, additivity of the
dimension function and Corollary 1.4.11 implies that g is a weak isomorphism.
Choose an inner product on P and consider the induced map

v(g) : U(P) — L2(A)".

Then, since v preserves weak exactness, v(g) is also a weak isomorphism; i.e. injective with dense
range. If we do the polar decomposition v(g) = |v(g)*|v, then v is an isomorphism from v(P) to
L) and |v(g)*| : L2(A)* — L*(#)" is an injection. (see e.g. the proof of Proposition
1.4.3) Therefore u := v~!(v) is an isomorphism from P to .Z" and f := v=1(|v(9)*|) : A" — A"
is a self-adjoint injection. The sequence

OH///”L///”LMHO,

is exact, since rg(f) =rg(gu~!) =1g(g) = ker(p).
This completes the proof.
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1.5 The induction functor

Let .# and .4/ be finite von Neumann algebras with faithful, normal, tracial states 7 and o
respectively. Let ¢ : A — .# be a unital, trace-preserving, x-algebra-homomorphism, where
trace-preserving means that ¢ = 7 o . Via the homomorphism ¢, .# can be considered a right
A -module® and the functor .# ® 4 — from Mod(.4") to Mod(.#) is called induction with ¢ and
we denote it by ¢,.

Note, that since ¢ is assumed to be trace-preserving, we have

117 (p(@)]l2 = T(p(2)"p(2)) = T(p(z"2)) = o(z"2) = [Ino(2)|2,

for any z € A,

In the following, ¢, will denote (¢, ¢,...,¢) : ™ — .#™ and n, and n, will (also) denote the
inclusions of .Z™ and 4™ respectively into L?(.#,7)" and L*(A ", 0)".

Moreover, eq,...,e, denotes the canonical basis of 4™, where

ei=(0,...,0,1,0...,0),

with the 1 in the i’th position. To avoid confusingly many appearances of the letter ” M”; through-
out this section, we choose the last letters in the alphabet (X,Y, Z,---) to denote modules. The
following theorem is a slight generalization of [Liic98] Theorem 3.3.

Theorem 1.5.1. Induction with ¢ is a has the following properties.

(i) It preserves direct sums and projectivity and if X is a finitely generated A -module, then
v« (X) is a finitely generated A -module.

(i) It preserves exractness.
(iii) For any X € Mod(.4") we have

dim_y (X) = dim_ . (X)
Proof.

Proof of (i): Since the tensor product distributes over direct sums (up to canonical isomor-
phism), we get that ¢, preserves direct sums.

If X € Mod(/) is finitely generated, say by &1,...,&,, then p.(X) := # ® X is generated as
an .#-module by 1®¢&7,...,1®¢&, and is therefore especially finitely generated.

An A -module X is projective if, and only if, it is isomorphic to a direct summand in a free
A -module. One easily checks that ¢, preserves free-ness and since it also preserves direct sums,
it preserves projectivity.

Proof of (ii): This is the most technical part of the proof. It is divided into four parts, in
which we gradually obtain the desired result for an increasing class of modules. The details are as
follows.

Part 1: If X is a finitely generated and projective A -module, then dim_y (X) = dim_z (v«(X))

Since X is finitely generated and projective, we may assume that X = 4#"p for some n € N
and some self-adjoint idempotent p € M,,(.4#"). Let ¢ denote the inclusion A4 "p C A™ and let «
denote the canonical isomorphism .# @ 4 A" — #™ given by

TR (X1, xn) — (To(x1),...,Te(xy))-

6The action being z - n := zp(n) for € .4 and n € N
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Since p is idempotent, a o (1 ® ¢) is an injective .#-linear map from .# ® .4 "p into A™.
Let p;; denote the (i, j)'th entrance in p and denote by ¢(p) the matrix {p(pi;)}7 ;-1 € My (A).
Then, for (x1,...,2,) € /™ and T € A, we get

o(1@)(T®@ (w1,...,2,)p) = (T ® (Z TiPils - - aszzpm))

= (TZSO(Q%) pzl TZQ@ Iz pm
i=1
=T(p(x1), .- p(zn))p(p)-
This shows, that o (1 ®¢) maps A4 ® _y A "p injectively into .#"p(p) and since
o (1@)(T®e:) = (Teon(ei))e(p),

it follows that o (1 ®¢) is surjective. Note, that since ¢ is a x-algebra-homomorphism, ¢(p) is a
self-adjoint idempotent in M, (.#) and since ¢ is assumed trace-preserving we get

dim_z (p«(X)) = dim g (A Q4 N "p) = dim_gy (A" ¢ ZT ©(pis)) ZO’ pii) = dim 4 (X).
=1 i=1

Part 2:  If X is a finitely presented A -module, then Tor1 (A, X)=0 and

dim_y (X) = dim_z (¢ (X))
Since X is finitely presented, it is in particular finitely generated and hence it splits as
X ~TX @& PX by Theorem 1.4.7.

By Lemma 1.4.16 (ii), also T'X is finitely presented and since dim_y (T'X) = 0, there exists (Lemma
1.4.16 (iii)) an exact sequence

0— Lo ym Lorx o, (1)

where f is represented by a self-adjoint matrix A € M, (A"). (Le. f = Ra.)
Since f is injective and dim_y (T'X) = 0, f is a weak isomorphism (Corollary 1.4.11) and since v
preserves weak exactness, we see that rg(v(f)) is dense in L?(A)™.

By general homological algebra, the tensor-product is right-exact (see e.g. [Fox] 19.19), and
by applying the induction-functor ¢, to (), we therefore get the following exact sequence:

M N e o 2 e M 0.

We now aim to show that 1 ® R4 is injective.
A direct computation reveals that oo (1 ® Ra) = Rya) o @ and hence we get the following
commutative diagram

MD N —C " T 12" ()
1®QR4 Ry(a) v(Rya))
%®”J/n : M - L2(///)n
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We now claim that v(R,(4)) has dense range.
To see this, let £ € L*(.#)™ and € > 0 be given and choose = € .#™ such that ||n.(z) — &2 < 5.
Then x has the form oz(z:li:1 $;®2z), for s; € A and z; € A™. Assume, without loss of generality,
that z # 0. By what was proven above, v(R4) has dense range and since v(R4) is the extension
of R4 by continuity, we have that rg(v¥(R4)) C 7, (rg (RA))L and hence that 7, (rg(R4) is dense
in L2(.4)". So we may choose 1, ...,y € 4™ such that

€

2 sup;_s (|Isilloo)”

1Mo (Ra(yi)) — no(zi)2 <

where ||s;lco denotes the operator-norm of s;.
We now have

l l

I oae (1@ RA)D si®y) —Ellz=lln-oao (1@ RA)(D_ si @) = nr(x) + nr(2) — ]Iz
i=1 1=1

l
€
<lneoa(dsi® (Ralys) — 2)ll2 + 5
i=1

l
= - (Y sison(Raly) = 20))ll2 + 5

i=1
l
<D I (sipn(Raly) = 20))lo + 5
i=1
l
< Isillsoline(en(Ra(ws) = 202 + 5

i=1
l

< sup((lsifl=e) - I (Rat) —z)ll2 + 5

i=1

<S48
2 2

By commutativity of the diagram (<), this implies that

l
lr(Ra)onr0a(d si@y) —Ell2 <,

i=1
and hence rg (v(Ry(4))) is dense in L?(.#)".
Since f = R, is self-adjoint, A € M, (/") is self-adjoint and since ¢ is a *-algebra-homomorphism,
©(A) € M, (A) is also self-adjoint. Therefore R 4y : A" — A" is self-adjoint and hence
V(Rp(ay) : L*(A)™ — L*(A)™ is self-adjoint. From this it follows that

ker(v(Ry(a))) = 18 (V(Rp(a)") " = 18 (V(Ry(a))) ™ = {0}

Since ! preserves exactness, also R4 is injective and since
¢u(Ra) =1@Ra=a " o Ry oaq,

we see that ¢.(f) = ¢« (Ra) = 1® R4 is injective.
We therefore have an exact sequence

0 — (™) =D o (am) =D o (Tx) — 0, 1)

and with this exact sequence at our disposal, we are now able to prove the rest of Claim 2.
By additivity of the dimension function, applied to (), we get

dim 4 (¢«(TX))=n—-n=0,
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and hence
dim_y (X) = dim_y (PX) 4 dim_4 (T X) (Additivity)
= dimt/y/(PX) +0
=dim_z 0. (PX)+0 (by Part 1)
= dim_z ¢ (PX) + dim 4 ¢.(TX)
= dim_z (¢« (X)). (Additivity)
We now prove that Tory" (., X) =
Since Tor," (.4, —) respects direct sums (see e.g. [CE], Chp.VI, Proposition 1.3 ) we get
Tor{" (M, X) = Tor{" (M#,PX & TX)
~ Tor{" (#,PX) & Tor{" (M, TX)
~ Tor{" (M, TX). (since PX is 4 -projective)

It is therefore sufficient to prove that Tory" (.2, TX) = 0.
To see this, we note that (1) is a free .4 -resolution of TX and hence Tor{" (.#,TX) can be
computed as the homology in degree one, of the complex

e« (1)

0 — pu( A7) = pu(HT) — 0,
—_——— ———
degree 1 degree 0

which vanishes by injectivity of v.(f) = 1® Ra.
This completes the proof of Part 2.

Part 3: If X is a finitely generated A -module, then Tor{" (.#,X) =

Since X is finitely generated, we may choose a finitely generated free module F' and an epi-
morphism p : FF — X. Denote by K the kernel of p and consider the associated short-exact
sequence

0K F* X o,

(here j denotes the inclusion) and the induced long-exact sequence of Tor-groups:
—— Tor{" (M, K) — Tor{" (M, F) — Tor{" (M, X)
Tory” (M, K) — Torg (M, F) — Tory" (M ,X) — 0

Since F is free (and hence projective) Tor{” (.#, F) = 0 and it therefore suffices to show that the
induced map

w0« (J)

Tory (M, K) =M @ 4K M@ yF =Torg" (M, F),

is injective. So, assume that ¢.(j)(z) = (1®j)z =0 for some z =>" | T;®k; € # ® 4K and
let K’ be the submodule of F generated by ki,...,k,. As above, we have a long-exact sequence
of Tor-groups

—— Tor{" (M ,K") — Tor{" (M, F) — Tor{" (.4 ,F/K")

e

Tory” (M, K'Y — Tory (M ,F) — Torg" (M ,F/K') —0,
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and since F/ K’ is finitely presented (Lemma 1.4.16 (ii)), Part 2 implies that Tor;" (.#, F/K’) = 0.
This means that 1® j = ¢.(j) : 4 @ 4y K' — M @ 4 F is injective and hence that z is zero in
M ® 4 K'. Then, in particular, x is zero in # ® 4 K and thus p.(j) : £ 4y K — M Q@ 4 F is
injective.

Part 4: Induction with ¢ preserves eractness

Since ¢, = .# ® y— is right-exact by construction, it suffices to show that Tor{" (./#, X) = 0
for all A "-modules X. (see e.g. [Wei] Ex. 3.2.1)
Let (X;);er denote the cofinal system of finitely generated submodules of X . (ordered by inclusion)
Since Tor,” (.#,—) commutes with inductive limits (see e.g. [CE], Chp. VI, Prop. 1.3), it suffices
to show that
Tor{" (#,X;) =0, foreveryiel.

But this follows from Part 3; and the proof of (ii) is complete.

Proof of (iii): Assume X to be any .#-module and let (X;);c; denote the system of finitely
generated submodules of X, ordered by inclusion. This is a cofinal system of submodules and by

Theorem 1.4.7 we have

dim_y (X) = supdim_y (X;).
iel

Since @, preserves exactness, each ¢, (X;) is (isomorphic to) a submodule in ¢, (X) and since each

X is finitely generated over 4, each o, (X;) is finitely generated over .#. The system (¢.(X;))icr
is therefore a cofinal system (of finitely generated submodules) in ¢.(X) and hence

dim_z . (X) = sup dim_z (0« (X))
1€

Because of this, it suffices to consider the case where X is finitely generated.
Choose a finitely generated free module F', a surjective homomorphism f : F' — X and denote by
K the kernel of f. By exactness of ¢,, the short exact sequence

0—K-—F—X—0,
induces a short-exact sequence
0 — @u(K) = 0u(F) — @u(X) — 0.

Applying additivity of the dimension function to the two short-exact sequences, gives the following
equations

dim_y (X) = dim_y (F) — dim_y (K)
dim g (. (X)) = dim g (. (F)) — dim_z (p.(K)).

Since free modules are projective, Part 1 implies that it suffices to prove
dim_y (K) = dim_z (¢« (K)).

By repeating the above cofinality-argument (with X replaced by K), we may assume that K is
finitely generated. But then K is a finitely generated submodule of the projective .4#-module F’
and therefore projective since .4 is semi-hereditary. (Corollary 1.3.21) Thus Part 1 applies and
we conclude that

dim_y (X) = dim.z (¢« (X)) = dim. 4 (A4 ® » X),

as desired. O
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Remark 1.5.2. We place ourselves under the hypotheses of Theorem 1.5.1 and assume for sim-
plicity that A is a subalgebra of 4 and that ¢ is the inclusion.
Consider a right A4 -module Y. Then Y may be considered a left A °P-module via the action
n°P .y := yn and we can therefore form the induced module M#°P @ yorY .
By construction, this is a left .#°P-module and may therefore be considered as a right # -module
via the action

(@ @y)-m:=m(a” @y) = (mPa") @ y.

The map
///°p®ﬂopY9m0p®yn—>y®m6Y®(,V///,

is an isomorphism of right .4 -modules and using this (and Theorem 1.5.1) one easily checks that
the functor Y — Y ® . # is exact; from the category of right A -modules to the the category of
right . -modules.

Consider now a left N/ ® A °P-module Z. Then Z can be considered as an A -bimodule, (see
e.g. section 2.1) with respect to the action

a-z:=(@®1)z and 2z-b:=(1RbH%P)z.

We may therefore form the M -bimodule # @ 4y Z @ M and we note that the functor
Zv— MR 2R y M is exact, as the composition of two ezxact functors.
When M @ 47 & 5 M is considered as a left M Q A °P-module, with respect to the action

(a®bP) - (m®23n) :=(am) ® 2z ® (nb),
M 47 R M is isomorphic to
(M@ MP)S yonwZ,

with the standard action of multiplication on the first factor.
From this it follows, that also (M @ M°P) @ yg.yoo— is exact; as functor from the category of
left &/ @ A °P-modules, to the category of left M & A °P-modules.



50 CHAPTER 1. THE GENERALIZED MURRAY- VON NEUMANN DIMENSION



Chapter 2

Some Homology Theory

In this chapter, we recapitulate some basic facts on Hochschild homology and the bar-resolution.
These subjects are central in the definition of L?-homology for von Neumann algebras and to set
up notation we give a short introduction here. The last half of the chapter consists of a short
introduction to group homology and we explain a link between the homology of a group and the
Hochschild homology of its associated group algebra.

This is not, in any way, a comprehensive treatment, but to avoid to many unnecessary digressions
we just introduce what is needed for the sequel. For more details we refer to [Lod].

2.1 Hochschild homology

Consider a unital (associative) C-algebra A. A bimodule over A (or an A-bimodule) is a (complex)
vector space M, with structure as both a left- and a right A-module, such that

(am)b =a(mb) and (Al)m = m(Al) = Am,

for all a,b € A, m € M and \ € C.
Note, that A itself is an A-bimodule, with respect to multiplication from left and right.
An A-bimodule M may also be considered a left module over A ® A°P, with respect to the action

(a ® b°P)m := amb,

and, similarly, as a right A ® A°P-module with respect to the action m(a ® b°P) := bma.
Conversely, given a left A ® A°P-module M, we can turn M into an A-bimodule by setting

am := (a®1)m and mb:= (1 b°P)m.
Similarly, if M is a right A ® A°°’-module, we can turn M into an A-bimodule, be setting
am :=m(1®a°?) and mb:=m((d®1)

We will switch hence and forth between these different module-structures and unless otherwise
mentioned, an A-bimodule M is always considered a left (resp. right) A® A°P-module with respect
to the actions introduced above.

The algebraic tensor product A® A°P is called the enveloping algebra and to simplify notation we
will some times denote it by A°. We now give the definition of Hochschild homology.

Definition 2.1.1. Let A be a unital C-algebra and let M be a bimodule over A. We then define
Co(A, M) :=M and
Cn(A, M) := M ® A®" for n € N.

o1
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Here A" := AQ A®---® A. (n copies.) We define the n’th Hochschild boundary map
bn : Cn(Av M) - n—l(Av M) as

bn(m,aq,...,a,) := (may,as,...,an)

n—1
+ Z(il)z(mv ALy e e ey Ai—1, QQ541, Aj42, - - -, an)
i=1

n
+ (_1> (a’nm7 ayy. .- vanfl)a
where we for notational convenience write (m,aq,...,a,) in stead of MR a1 R as ® ... Q ay,.

A straight forward computation shows, that b, as defined above is indeed a boundary map,
in the sense that b,b,+1 = 0. In stead of doing the calculation on b, directly, we will prove the
following slightly more general lemma, which has b,b,+1 = 0 as an easy consequence.

Lemma 2.1.2. [Lod] Let (K,)S2, be a sequence of modules over a unital ring R, such that, for
each n > 1, we have a family of maps

d} : K, — K,—1 forie{0,...,n}.
Assume moreover, that d?d?“ = d}tldzf“ for0<i<j<n.
Setting Oy, == Y1, (—1)'d; we have 9,0,41 = 0 and hence that (K., 0.) is a (differential) complex.
Proof. We have

n n+1
OnOps1 = (O (=1)'dH (O (-1 d; ™)
i=0 =0
n n+l
-3 Sy
i=0 j=0
ni;n+1 n;n+1
_ Z (—1)i+jd?d?+1—|— Z (_1)i+jd;r_1d?+1
iij:_[) i;7=0
1<J 1>7
n;n+1 nyn+1
= Z (_1)i+jd?71d?+1 + Z (—1)i+jd?d?+1 (by assumption)
i34=0 i5j=0
1< i>5

For each term (—1)"/d? ,d*" in the left-most sum, the pair (i’,j') := (j — 1,i) satisfies i’ > j'
and we see that

(1) dp_ydp T 4+ (=) dndn T = (1) Pt (-1 drt = 0.

Hence every term in the first sum cancels with one in the second and we just need to check that
the number of terms in to sums are equal.
This can, for instance, be seen geometrically by considering a lattice of the following form:

7
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Example 2.1.3. Consider again the Hochschild complez Cp,(A, M) := M @ A®" and define
dr: Cp (A, M) — Ch_1(A, M) as

dg(m,as,...,a,) = (may,as,...,a,)
i (myay,...,a) = (m,a1,...,0;04i41,...,a,) forie{l,...,n—1}
dy(myay,...,an) = (@apm,ay,...,an_1).

i

by, = Y1 o(—1)'d? by definition, we have byb,+1 = 0 by Lemma 2.1.2.

Definition 2.1.4. The homology of the complex (C (A, M), b..) is called the Hochschild homology
of the algebra A with coefficients in M and is denoted H.(A, M).

A direct computation shows that d”d?‘H = d?_ld;”'l when 0 <1 < j <n and since

2.1.1 The Bar-resolution

In this section we give an equivalent description of the Hochschild homology of a unital algebra,
in the language of homological algebra.
Assume, as before, that A is a unital C-algebra and consider A as a left-module over A ® A°P
under the action (a ® b°P)x := axb. We set

CPaT(A) == A®"2 for n € Ny,
and define (for n > 1) b/, : CP¥(A) — Ch2r (A) by

n

b;(ao, cesOpg1) = Z(—l)i(ao, ey @1, (i1, Qg 2y ey Oy 1)-
i=0
Notice, that by putting M = A in the definition of the Hochschild complex, we have
CP(A) = Cpi1(A,A) and b, = Y1 (—1)'d*", where the facemaps d? are the ones from

Example 2.1.3. Hence b;,b), . ; = 0 by Lemma 2.1.2.
The complex (CP#(A),b’.) is called the bar-complex of A.

Remark 2.1.5. Each C?¥(A) is also an A ® A°P-module under the action

(a® B°%)(ag, .. .,ant1) = (aag, a1, ..., an, any1).

Since A is a vector space over C it has a basis (e;);cr. Then one easily verifies, that elements of
the form 1®e;, ®...®e;, @1 forms a basis of CP* (A), when considered as an A ® A°P-module.
Hence each CP* (A) is a free A® A°P-module.

Note also, that the boundary-maps b, commutes with the action of A& A°P.

Proposition 2.1.6. [Lod] The bar-compler (C**(A),b.) is acyclic and the multiplication map
w:ARA — A given by p(a’ ® o) = d'a” is an augmentation of this complex. In this way,
(CP> L) becomes a free resolution of the A ® A°P-module A.

Proof. Since b} is defined by : ag ® a1 ® ag — (apa1) ® az — ag ® (a1az), the associativity of A
implies that pb) = 0.
Conversely, if >~ a; ®b; € A® A with ), a;b; = 0, then

= Z —b’l(ai Rb; ® 1) S I"g(b/l)
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This shows, that the zero’th homology of the augmented complex vanishes and we now have to
prove that this is also the case for the higher homology-groups.
Consider the map s, : A%"T2 — A®"+3 given by

W Rapp1 V1R a® - @ apy1.
We want to show that (s,)5%, is a contracting homotopy; i.e. that
byyy18n + Sn1by, = idevar 4y
For i € {1,...,n} we have
sn,ld;”l(ao, cosnt1) = (Lag, ...y 0G4, ooy App1) = d?jf(l, agy ...y Apta) = d?jllsn(ao, ey Qng1),

and a similar computation shows that dg“Sn = idgpar(4). From this it follows® that

n+1 n
V1S + Sn_1b, = Z(—l)id?“sn + Z(—l)isn,ld;“rl
=0 =0

n+1

n
=dy s+ (1) suadl T+ (—1) s, d)
i=1 =0

?

= idc}iar(A) .
O

Consider the enveloping algebra A ® A°P. As explained in the beginning of this section, A ® A°P
can be considered as an A-bimodule with respect to the action

a(x @y°P) ==z ® (y°Pa?) and (z @ y°P)b:= (xb) @ y°P.

We can therefore form the Hochschild complex (C, (A, A® A°P),b,). Note, that each of the vector
spaces Cp, (A, A® A°P) = (A® A°P) ® A®" is a left A ® A°P-module, with respect to the action of
multiplication on the first factor. By construction of the bimodule-structure on A® A°P, it follows
that the Hochschild boundary maps commutes with the left action of A ® A°P.

The following holds.

Proposition 2.1.7. The family of maps @, : C2*(A) — C,,(A, A® A°P) given by
(a’Ov a’lv e 7an7an+1) [— ((ao ® a:ﬂ_l)7a17 e 7an)7

is an isomorphism of complezes of left A® A°P-modules. Here C?*(A) is considered a left A® A°P-
module with respect to the action from Remark 2.1.5.

Proof. It is clear that ¢, is an isomorphism of left A ® A°P-modules in each degree and a direct
computation shows that ¢, commutes with the differentials. O

Corollary 2.1.8. The complex (Ci(A, AQA°P),b,) is a free resolution of A as an AR A°P-module.

Proof. This follows from Proposition 2.1.1 and Proposition 2.1.6 in conjunction. O

Corollary 2.1.9. [Lod] For any A-bimodule M, the n’th Hochschild homology H, (A, M) is iso-
morphic to the n’th Tor-group TorA@Aop(M7 A), where M is considered a right A ® A°P-module

n
with respect to the action m(a ® b°P) := bma.

1Recall that b}, = >, (—1)7d] ™!
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Proof. By Remark 2.1.5 and Corollary 2.1.8 the complex (C. (A, A°),b,) is a free resolution of A
as a left module over A° := A ® A°P.

The n’th homology of the induced complex (M @ 4-C, (A, A°),1®b,) is therefore Tor” (M, A).
Consider the natural isomorphism

M ® 4:Co(A, A°) = M ® 40(A°) ® A®" 22 M @ A" = 0, (4, M),

given by
on:2®(@RP)R (a1 @+ ®ay) — (bza) @ (a1 ® - ® ay).

A direct computation shows that b} o ¢, = @, 10 (1®b; ) (the superscript denotes the ring of
coefficients) and hence (¢, )nen is an isomorphism of complexes. Since the n’th homology of the
target-complex is exactly H, (A, M), the claim follows. O

2.2 Group homology

In this section we briefly recall the notion of group von Neumann algebras and that of homology
of a discrete group. Using this, we define the L?-homology and the L2-Betti numbers of a discrete
group. Finally, we discuss a special case of the induction functor from Theorem 1.5.1 in this
context.

Let G be is a countable discrete group with neutral element e. For each g € G we define a
unitary operator \, € B(I1*(G)) by

A(@)(7) == 2(97"y) for x € I*(G) and v € G.

Then the map A : g — )4 is a unitary representation of G, called the left-reqular representation.
Similarly we define a unitary p, € Z(1*(G)) by setting

pg(z)(7) = x(v9),

and the map p: g — pg is also a unitary representation, called the right-regular representation of
G. Associated with these two representation are two von Neumann algebras, namely

{Nglg € G} and  {pylg € G}".

The von Neumann algebra {\g|g € G} is called the group von Neumann algebra of G and will be
denoted .4 (G). In the following, we will denote by d, € [*(G) the characteristic function of the
singleton-set {g} and we notice that {d,|g € G} is an orthonormal basis of [?(G). We state the
following basic facts without proofs.

1. The commutant, relative to ZB(1*(G)), of A (G) is {p(g)|g € G}".

2. A (G) is a finite von Neumann algebra.

3. The vector state T'+ (T'dc|0¢);2() is a normal, faithful, tracial state on .4"(G) and is called
the von Neumann trace on A (G).

4. If G is an i.c.c.-group?, then .4 (G) is a factor of type II;.

2%ie. |[{h~1ghlh € G}| = oo for all g # e.
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For a more detailed description of group von Neumann algebras, and proofs of the the above
statements, we refer to [KR2] section 6.7.

Proposition 2.2.1. If G is a discrete group, then A (G x G°P) ~ N (G)Q@A (G)°P.
Proof. First note, that [2(G)®I?(G°P) is isomorphic to I?(G x G°P) via the unitary operator U
defined as the extension of dy ® dpor + (4 pory. Hence

Ady- : B(*(G)RI(GP)) — B(1*(G x G°P)) (T +— UTU*)

takes Ay ® Apor t0 A(g por). Since Ady- is normal, it is an isomorphism from A (G)®@.4"(GP) to
N (G x G°P). Since A (GP) =~ A (G)°P via extension of A\gor = AP, the result follows. O

We now define the notion of group homology.

Definition 2.2.2. Let G be a discrete group and let M be a right module over CG. Define
Co(G,M) := M and
Cn(G, M) := M ® (CG)®*" forn €N.

We define 0, : Cr(G, M) — C,_1(G, M) by
O MR @gp+— (MG1) RGP @ @ gn

n—1
‘*‘Z(—l)im@gl@”-@gi,l ® Gigit1 R Jira Q@+ Q gn
i=1

+(-1)"M®gn @ - Qgn_1.
Then (Cy(G,M)) is a complex (Lemma 2.1.2) and we define the group homology of G with
coefficients in M, to be the homology of this complex.
The complex (C.(G, M), 0,) is called the Filenberg- Mac Lane complex.

Lemma 2.2.3. [Lod] Let M be a CG-bimodule. We then give M a new structure of a right

CG-module, by setting

m-g:= gflmg.
When M is considered as a right CG-module with respect this action, we denote it by M to
avoid confusion. Then the Hochschild homology H.(CG, M) is isomorphic to the group homology

H.(G,M).
Proof. Consider the Hochschild complex (C,(CG, M), b,) and define ¢, : C,,(CG, M) — C,,(G, M)
by
P iMRGLR Qg (g1 o) ® g1 ® - @ gn,
where we used the bimodule structure on M to define the product ¢; - - - g, m.
We now claim that this is an isomorphism of complexes. Each ¢,, is clearly bijective, so we only
have to prove that ¢, is compatible with the boundary-maps. Consider again the face-maps
dy,...,d; from Example 2.1.3, used to define the Hochschild boundary map, and let 46§,...,6,
denote the obvious face-maps corresponding to d,,. For i € {1,...,n — 1} we then get
Pn-10di(M® g1 Qgn) =Pn1(MRG1 Q@+ ® gigit1 ® - @ gn)

=91 gam) @1 ® - @ gigit1 @+ @ gn)

=06pn(M®g1® - @ gn).
In the case i = 0, we get

Pn10dyg(M® g1 @gn) = Pn-1(MG1 Vg X+ D gy
= (g2 gnMmg1) ® G2 @+ @ gn
= (91 '91 gnmg1) ® G2 ® -~ D gn
=65(g1 " gnm) @ g1 ® - D gn
:680@n(m®91®“‘®9n)
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A similar computation shows that ¢, _1d? = 67¢,. In particular, (¢, )nen is & morphism of com-
plexes. U
In the language of homological algebra, the group homology has the following description.

Proposition 2.2.4. [Lod] Let M be a right CG-module. If C is considered as a left CG-module
with respect to the trivial action®, then

H,(G, M) ~ Tort (M, C).

Proof. We view CG as a right module over itself and consider the complex (C(G,CG), d,). This
complex is acyclic, (which can bee seen by an argument similar to the one used to prove acyclicity
of the bar-complex) and the map

CG > i)\zgl — i)\z (S (C,
i=1 i=1

is an augmentation of the complex. Each C,(G,CG) = (CG)®("*+1) is a free left CG-module,
when endowed with the action of multiplication on the first factor. Hence, (C.(G,CG),0s) is a
free resolution of C in the category of left CG-modules.

If we apply the functor M ® cg— to this resolution, the homology of the induced complex is

Tort (M, C).

On the other hand, the induced complex is (in degree n) M ® cg ® CG®(+1) and applying the
natural isomorphism

M®cg@CG¥M ) 3 megRg®@ - Qg — mgy®g Q- ®gn € M ®CG®",

yields an isomorphism of complexes from (M @ ccCy(G,CG),1®0,) to (C.(G, M), d). Since the
latter complex (by definition) computes the group homology, the claim follows. O

Recall that CG is a subalgebra of .4(G) via the inclusion ) . a;g; — >, a; Ay, and we may
therefore use M = A4(G) in the definition of group homology.
Note also, that in this case, each H,(G, 4 (G)) has structure of a left .4 (G)-module in the
following way: Each group in the Eilenberg- Mac Lane complex A4 (G) ® (CG)™ is an A (G)-
module, with respect to the action of multiplication on the first factor. This action commutes with
the boundary maps and hence pass down to an action on the homology groups H.(G, 4 (Q)).
This allows us to make the following definition.

Definition 2.2.5. For any p € Ny, the p’th L?>-homology of G is defined as
HP(G) == H,y(G, # (@),
and we define the p’th L?-Betti number of G as
5;2)(67) = dimW(G)(H;gz)(G))a

where the dimension is taken with respect to the von Neumann trace on A (G).

2.3 Induction for group von Neumann algebras

Let H be a discrete group and let G be a subgroup of H. We denote by ¢ the inclusion G C H
and want to prove that ¢ extends to an injective x-algebra-homomorphism ¢ : A4 (G) — A (H).
More precisely, we want to show the following.

3l.e. gz = z for each g € G and z € C.



o8 CHAPTER 2. SOME HOMOLOGY THEORY

Proposition 2.3.1. [KR2] The map Ay — A,y (9 € G) extends to a x-algebra-isomorphism from
N(G) to S :=W*({Ayglg € G}) € A (H).

2
Proof. Put J := {0,(g)lg € G}l e C I?(H) and let m denote the orthogonal projection in
A(I*(H)) onto . Since the range of 7 is invariant under the action of each A,y it is also
invariant under the action of .4) and hence 7w € 4/, where the commutatant is taken relative to
B(I?(H)). Let Cy denote the central carrier of , * and recall that ([KR1] Prop. 5.5.2)

rg (Cr) = span{Ag'm(I*(H))}-

Since Ay D AN (H) = W*(p(H)) (see e.g [KR2] Thm. 6.7.2) and 7(d,(¢)) = 0,(c) We get

rg (Crr) = span{Ag'm(12(H))} 2 {pn(d.())|h € H} = *(H),
and therefore C; = 1. The map

Ny = NyCr 3 ACy ——

Am e Mm C B(H),

is a x-algebra-isomorphism ([KR1] Prop. 5.5.6) and we now show that .4#'(G) is isomorphic to
Aom, where the latter is considered a subalgebra of Z(¢).
The map d, — 6,(4) extends to a unitary U : *(G) — # and for T :=>1" | 2iM(g:) € o We get

US(ITm)U =Y zidg, € 4 (G).
i=1

By normality of Ady : S +— U*SU, we see that U intertwines the action of Ay7m on 7 with the
action of A (G) on [2(G). Then ¢~! o Ady~ : A (G) — A is a *-algebra-isomorphism and for
any g € G we have

Y o Ady-(Ng) =¥ HUNU™) = (A (9T) = Ay

Hence ¢¥~! o Ady~ has the desired properties.

Remark 2.3.2. With the notation from the above proof, we have that
o=y toAdy-: N (G) — N (H),

is an injective x-algebra-homomorphism. Moreover, ¢ preserves the von Neumann trace, since for
T € M =rg(p) we have

(T6,e)10u(e))iz(rry = (TTUGS|Ude)i2(mry = (U™ (TT)Ube |6e)i2 () = <@71(T)5e|5e>l2((;)

Note in particular, that Theorem 1.5.1 applies and gives rise to an exact, dimension-preserving,

functor
Mod(A(G)) > X +—— N (H) @ 4 ()X € Mod(A (H)).

41.e. the smallest central projection in A that contains 7.



Chapter 3

L*-Homology for finite von
Neumann Algebras

3.1 Definitions and basic results

The aim of this section, is to introduce the notion of L2-homology and L?-Betti numbers for von
Neumann algebras, as defined by Connes and Shlyakhtenko in [CS03]. As it turns out, the chosen
way to do this works equally well in a slightly more general set-up and we therefore start with the
following definition.

Definition 3.1.1. Let o/ be a unital (complex) x-algebra and assume moreover that there exists
a functional T : &/ — C with the following properties.

o 7 is a faithful state, in the sense that T(1) = 1 and for all a € &/ we have T(a*a) > 0 and
T(a*a) =0 only if a = 0.

e T is a trace, in the sense that T(ab) = 7(ba) for all a,b € o .

e For all a € &7 there exists Cy > 0 such that

T(z*a*ax) < Cor(z*x) forallz € o.

We will refer to such an algebra as a (unital) tracial x-algebra.

The reason for the above definition is, that it is exactly what is needed to get a representation
of o7 as bounded operators on the Hilbert space provided by the GNS-construction with respect
to 7. This is explained in more details in the following.

If we consider a tracial x-algebra (&7, 7), the relation

(a|b) :=T1(b%a),

defines a faithful, positive definite, sesquilinear form on .7, where faithful and positive definite
here means that (a|a) > 0 and (a|a) = 0 only if a = 0. The pair (&, (-|-)) is therefore a pre-
Hilbert space and we denote by L?(«/,7) the Hilbert space completion of (<7, (-|-)). Denote by 1
the inclusion of & into L?(&/,7) and put & := n(1). Note, that the map 7(a) — n(a*) extends
to an anti-unitary J : L?(«/,7) — L?(/,7) in exactly the same way as in Section 1.2.

For each a € &7, a linear map 7w(a) : (/) — n(<7) is defined by w(a)n(x) := n(az) and the last

99
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requirement on 7 (from Definition 3.1.1) implies that 7(a) is bounded with respect to the norm
| - ]2 induced by (-|-). This is because

I7(a)n(@)ll3 = l[n(az)]3 = 7("a*az) < Cor(z*x) = Calln(x)|l3.

Thus, 7(a) extends to a bounded operator (also denoted 7(a)) on L?(</, 7).

One easily checks, that 7 : & — B(L?(</, 7)) (mapping a to m(a)) is an injective unital *-algebra-
homomorphism. Denote by .# the von Neumann algebra in %(L?(</, 7)) generated by ().
From now on we identify <7 with its isomorphic image under 7 and to simplify notation we put
L2(&) = L*(o,T).

Lemma 3.1.2. The tracial state T : of — C extends to a faithful, normal, tracial state on A .

Proof. We first note, that 7(a) = (afo|&o) and since wg, :  +— (x€p|&) is a vector-state (in
particular normal) on ./, we only need to see that we, is faithful and tracial.

Let x,y € .4 be given and choose nets (z;), (y;) in o7, converging weakly to « and y respectively.
We then get

weo (2y) = (2y&ol&o)
= h?@iyfo |€o0)

= lim lijr_n<yj£o |27 o)

= lim lim 7(z,y;)
i

= limlim 7 (y,z;)
i

= lign liJI_Il<yj35i£O |€0)

= 1i?1<$i§0|y*€0>

= W, (y$),

and hence that wg, is tracial.
To see that we, is faithful on .#, consider any x € .# and assume that

0 = we, (z* ) = (x&o| o) = ||lz&0l3,

and hence that z§, = 0. Since & is cyclic for &7, it is in particular cyclic for .# and hence
separating for .#’. By copying the proof of Proposition 1.2.2 we see that JxJ € .#’ and by the

choice of x we get

Therefore JxJ = 0 and hence z = J(JzJ)J = 0.

In the sequel we will often also use the symbol 7, to denote the extension we,|.» of T to A .
Note, that because of Lemma 3.1.2, the von Neumann algebra tensor-product .#Z&.4°P is also
endowed with a faithful, normal, tracial state 7 ® 7°P, with the property that

TR TP(x@yP) :=7(x)7(y) for all x € A,y € M°P.

(This was also proven in Proposition 1.2.9) Note also, that .#®.#°P has structure of an /-
bimodule, with respect to the action

aT :=T(1®a°®) and Ta:=T(a®1),
where we think of &/ ® &/°P as a subalgebra of .#Z Q.4 °P.
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Definition 3.1.3. With the above notation, the p'th L?-homology of <7 is defined as the Hochschild
homology

H? (o 1) = Hy(o , MMP). (p € Np)

Each Cy(, MRM4°P) in the Hochschild complex is a left M M °P-module with respect to the
action of multiplication on the first factor and since the Hochschild boundary maps commutes with
this action, each H,()Z)(QY’,T) inherits the structure of a left M &.4°P-module.

This allows us to define the p’th L2-Betti number of &7 as

B, 7) o= dim gz q00 (HYD (o, 7)),

where the dimension is the extended dimension function from Chapter 1, arising from the trace
TR TP on MM,

The results of Chapter 2 provides us with the following alternative description of the L2-
homology:

Lemma 3.1.4. The p’th L?-homology H}gz) (o7, 7) is equal to Toriﬁ{@dop (MM, o), where

MRAMCP is considered a right & @ o/ °P-module via the inclusion o Q /P C M Q.M°P.

Proof. This follows directly from Corollary 2.1.9. O

3.2 Computational results

The results of Chapter 2 provides us with two (isomorphic) projective resolutions, with which we
can compute the L?-homology of a tracial x-algebra <7; namely the bar-resolution (CP* (), b’)
and the Hochschild complex (C, (o, o ® «7°P b,). We shall primarily use the latter resolution
and will refer also to this, as the bar-resolution of 7.

Although these resolutions tells us how to compute the L2-homology, this is not a very explicit
description. In this section we will give more explicit discriptions of the L?-homology in some
special cases and develop formulas to compute the corresponding L?-Betti numbers.

We first relate the L2-homology of groups, to the L?-homology of their corresponding group-
algebras.

Let G be a countable discrete group and consider the diagonal embedding ¢ : G — G x G°P given
by g — (g,(g71)°P). Recall from Proposition 2.3.1, that ¢+ extends to a x-algebra-homomorphism
from A (G) into A (G x G°P) and that A4 (G x G°P) can be considered a right 4 (G)-module via
the homomorphism ¢. If we consider CG as a (dense) subalgebra of .4 (G), and 7 denote the von
Neumann trace T +— (T'0.|d.), then the pair (CG, 7) fulfills the requirements in Definition 3.1.1
and the following holds.

Proposition 3.2.1. [CS03] The L?-homology of G is related to the L*-homology of (CG,T) in the
following way:

HP(CG, 1) = N (G x GP) @ 4y H (G) = t(H (@)

Proof First note, that A4 (G x G°P) = A (G)®4(G)°P by Proposition 2.2.1.

Also note, that the restriction of ¢ to CG gives rise to a right CG-module structure on A (G)®@.4(G)°P,
which coincides with the right CG-module structure introduced in Lemma 2.2.3. Applying the
result of Lemma 2.2.3 yields

HP(CG, 1) := Hy(CG, N (G)N (G)°P) = Hy(G, N (G)&.N (G)°P). (+)
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Next we consider the group L?-homology H ,g2)(G). To compute this, we choose a resolution
(Fy, f:)2, of the trivial CG-module C by free CG-modules and the L2-homology of G is then the
homology of the complex

(@) ® o, B 2E (@) @cah 2L (G ®coFy — 0.

We now apply the induction-functor ¢, := (A (G)@A4(G)°?) ® 4 (c)— to this complex. Since
is an exact (additive) functor, the homology of the induced complex is just

L(HP(@)) = (K (Q)@N (G))© (e HEY(Q).

(see e.g. [CE] Chp. IV, Thm. 7.2) On the other hand; the module in degree k in the induced
complex is

(N(G) 2N (G)P) @ ()N (G) @ caFr,
with boundary-map (1® 1) ® 1 ® fi and if we apply the canonical isomorphism

N(G)RAN(G)® @ ()N (G) @ caFr — N (G)RN(G)P @ caFr
in each degree, the resulting complex is (in degree k)
(N (G)RA(G)P) @ caFh,

with boundary map (1® 1) ® f.
By definition, this complex computes Hy (G, A (G)®.4(G)°P) and combining this with the equa-
tion (*) now gives

HP(CG, 1) = 1.(HP(Q)).

The equality of the corresponding L2-Betti numbers now follows from Theorem 1.5.1, since

(@) = dim_y ) HY(G)
= dim_y(axer) e (HP(G))
= dimw(c)®m(a)°p Hlf)((CG? 7)
—: g (ca, 7).

Consider any von Neumann algebra ., acting on a Hilbert space ##, and a non-zero projection
p € . Then p.#p is a von Neumann algebra in Z(ps) (see e.g. [KR1] Prop. 5.5.6) and if .#
has a normal, faithful, tracial state 7, then %ﬂp #p is a normal, faithful, tracial state on p.#p.

In the following section we prove a formula relating the L?-homology of .# with that of the
compressed algebra p.#/p, in the case where .# is a (finite) factor.

3.2.1 Compression formula for finite factors

Throughout this section, .# denotes a finite factor with (unique, normal, faithful) tracial state
7, and p denotes a non-trivial projection in .# of trace « €]0, 1]. Before stating and proving the
compression formula (Theorem 3.2.8) we need some results, concerning the relationship between
the projective modules over .# and the projective modules over p.#p. To this end, we first note,
that if V' is module over .#, then the set pV is module over p.#p with respect to the restricted
action.

Lemma 3.2.2. The module p.# is finitely generated and projective as a module over p.#p.
Therefore, for any projective M -module V' the p.# p-module pV is also projective.
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Proof. We have p.# = p.#1. Since .# is a factor, any two projections can be compared and
hence we can split 1 as an orthogonal sum r + 22;1 p; where p; ~ pforall i and r ~ 7 < p.
(Note, that since 7(1) = 1 and 7(p;) = 7(p) = « the sum has to be finite)

Thus, the p.#Zp-module p.# decomposes as

pM =pMr S <ép///pi>.

i=1

By construction of the p;’s, we can find partial isometries v; € 4 with vjv; = p; and v;v} = p.
Because of this, the map

fi
pAMp; S prp; v pTpv; = PTU;p € PAMD

is bijective and clearly compatible with the left actions of p.#p. That is, f; is an isomorphism of
p# p-modules. Hence

pM =~ pMr D (@ pAD), (as p-#p-modules)

i=1

Since &} p.#p is free over p.# p, it suffices to see that p.#Zr is projective.
By replacing r with a suitable equivalent projection (the 7’ above), we may assume that r < p
and hence we get

pMr = pA(pr) = (pAMp)r,

Thus p.#r is projective and the first part of the lemma is proven.

To prove the last statement, we let V be any projective .#-module. Then .#X) ~ V & W for
a suitable set X and .#-module W.
Since p(.# X)) = (p.#)X) and p.#t/X) ~ pV @ pW (as p.#p-modules), the p.# p-module pV is
a direct summand in (p.#)X). Because p.# is projective over p.#p, (p.#)X) is also projective
over p.Ap.
Thus, pV is a direct summand in a projective p.# p-module and hence projective.
O

The following lemma will be needed in the proof of Proposition 3.2.4 below, but is also of in-
terest in it self, since it shows that the finitely generated projective modules over a finite factor,
can be described in a particular simple form.

Lemma 3.2.3. Let V be a finitely generated projective module over 4. Then V is isomorphic
to @, M q;, for some k € N and some projections qu,...,q. € M. Moreover, for any non-zero
projection p € M we can choose k € N and q1, ..., qr such that 7(q;) < 7(p) for alli € {1,... k}.

In the proof, 7 denotes also the induced trace-state on My (#), given by

k
Z T(aii).

Proof. Since V is finitely generated and projective we can find a projection p € My (.#) such that
V ~ #*p. Because My,(.#) is also a factor, we can split p as a sum of projections p; + - - - + py,
such that 7(p;) < + for all i € {1,...,k}.

el

T({aij}i'c,jzl) =

Let e; denote the k x k-matrix over .# given by

1, s=t=uq;
=1 g

otherwise.
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Since 7(p;) < 7(e;) = % we have p; ~ f; < e; for a suitable subprojection f; of e;. By construction

of e;, the subprojection f; must have all but the (7,7)’th entrance equal zero and some projection
qi € A in the (i,4)’th position. Then

k k k
Vﬁ///kpﬁea///kpi 2@//1kfi 2@//1%'-
=1 =1 =1

To prove the last statement, let p € .# be given. If .# is a type I factor, we can split each ¢; into

a sum of minimal projections which of course all have minimal trace. If .# is type II; we can

halve each ¢; in the sense that there exist ¢/, ¢}’ such that ¢; = ¢} + ¢/’ and ¢} ~ ¢/. In particular

(6l) = () = 57(a)

so by successively halving the ¢;’s we can achieve that their traces are all smaller than 7(p).
O

Recall that p € .# is a projection of trace a. The following holds.

Proposition 3.2.4. For any .# -module V we have

. 1 .
dim,,_zp(pV) = o dim_4 (V).

Proof. Assume first that V is finitely generated and projective over .#. By Lemma 3.2.3, the
module V is then (up to isomorphism) of the form

k
@%q%
i=1

for some projections ¢; € .4 and (also by Lemma 3.2.3) we may assume that 7(g;) < 7(p) for each
1 € {1,...k}. Since 7 is faithful, we have ¢; ~ p; < p for some suitable subprojections p; of p and
therefore

Hence
, o 1 1 1
dimy,_zp (V) = Z ——T(pi) = —— ZT(]%) = — ZT(qi) = dim_4 (V).

We now consider the general case, where V is any .#-module, and choose a finitely generated
projective submodule W C V. By what is already proven, pW is finitely generated an projective
over p.#p and avdimy,_z,(pW) = dim_,(W). Hence

1
dim,_z, (pV) > - dim_z4 (V).

For the opposite inequality, it suffices to see that if T C pV is finitely generated and projective
over p.#p, then T has the form pW for some finitely generated projective .#-module W.
By Lemma 3.2.3, there exist projections s1,...,s; € p.#p C .# such that

l l
T ~ @(p///p)sj = p(@ M (psj)).
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Since s; € p.#p it commutes with p and hence ps; is a projection in .#. Therefore @ézl///(psj)
is finitely generated and projective over .# and hence T has the desired form.
O

The next lemma is a technical detail, which will be needed in the proof of Theorem 3.2.8.

Lemma 3.2.5. Put N := . # Q@ #°°, N = MR4° and q := pQp°?. Then q is a projection
in N C A and the multiplication map

©:1qN G gngqN — g N
qrq @ qy — qrqY,

is an isomorphism of left gV q-modules. Here gV q® qnqqN is considered as a left gV qg-module,
with respect to the action of multiplication on the first factor.

For the proof we need a few observations.

Observation 3.2.6. Let R and S be unital x-rings, and let X be an (S, R)-bimodule. If p,q € R
are self-adjoint idempotents, and there exists v € R with v*v = p and vv* = ¢, then Xp 1is
isomorphic (as a left S-module) to Xq.

Proof. Tt is straightforward to show that Xp > xp — xpv* = zv*q € Xq is an isomorphism. [
We now assume to be under the hypothesis of Lemma 3.2.5. Then the following holds
Observation 3.2.7. For any projection e € N with e < q, the multiplication map
©:qNqQ qngaNe — qNe,
is an isomorphism of left g4 q-modules.
Proof. Given qre € g4 e we have qre = qrqe = ¢(qrq ® qle), and thus ¢ is surjective. To prove
injectivity, assume that
0=0()_ariq@quie) = > _ qriqyie.
i i
Then
> g @ quie =Y qriq @ quigeq
i i
= Z qTiqyie ® e
i
= (> qriqqyie) @ e
i

=0.

Proof of Lemma 3.2.5 First note that the following diagram commutes

4N G qNgqN ——= ¢V ¢ ® ¢nggNGD ¢4 4 ® gnggN(1 — q)

l<ﬁ l(w&)

qN qN P g (1—q)
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On the right-hand side of this diagram, the map ¢ is clearly an isomorphism on the first coordinate,
so the proof is finished once we prove that this is also the case on the second coordinate. Write

l1—q=(1-p)@p* +p@(1—-p)*+(1-p &@(1-p)°”.
Since . is a II;-factor, we can split 1 — p as an orthogonal sum of projections, all of which are

sub-equivalent to p. Thus 1 — ¢ can be written as ) r, ® syP where

/

VnIv, € A7, < p:viv, =71, and v =1,

VnIuSP € AP, s < pP 1 (u2P)*ulP = s% and ulP(uSP)* = (s°P)’
A direct computation shows that f, = r, ® s°? ~ r/, @ s’ =: g, inside N, via the partial
isometry z, := v, ® uo?. We thus get
4N q® gnggN(1 = q) ~ P ¢V 4@ gngaN fa
~ @qwq@@ oNqqNgn (by Obs. 3.2.6)
o~ @qﬂgn (by Obs. 3.2.7)
~ Pt (by Obs. 3.2.6)

= Qf/V(Z fn)
=g/ (1—-q)

By tracing a vector through the composition of these isomorphisms, it is easy to see that the total
composition equals ¢. O

We are now able to prove the main theorem of this section. Recall that .# denotes a finite
factor with tracial state 7 and p € . is a projection of trace a. Then the following holds.

Theorem 3.2.8 (Compression Formula). [CS03] Let 7, denote the restriction of T to p.4p.
Then the L?-homology of .# and that of the compressed factor p.#p are related in the following
way.

1 1 1
H (pp, —7,) = (0@ p P HP (A7) and  BP(pMlp, —rp) = 07 (A7),

for all n € Ny.

Proof. Consider the bar-resolution (C(A, # @ M), b,)>2, of .4 and the projection

g =pRp® € M QM. Define N := M Q MP, N := HR4° and put F(V) := ¢V €
Mod(gNgq), for V € Mod(N). For any Mod(N)-morphism f : V — V' we have f(qz) = qf(x) for
all x € V and hence such a morphism restricts to a Mod(gN ¢)-morphism

F(f) = flgv : F(V) = F(V").

In this way, F' is turned into a covariant functor from Mod(N) to Mod(¢Ng), with the following
properties:

e I is exact. To see this, we consider an exact sequence V'’ 4, V 4 V" of N-modules. The
induced sequence then is

gv' 2 g B9 gy
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Obviously the restrictions F(f) and F(g) of f and g has F(g)F(f) = 0. Conversely, if
x € ker(F(g)) = ¢V Nker(g), then, by exactness of the original sequence, = fz’ for some
2’ € V' and since xz € gV we have

x=qr=qfr’ = f(qz') € rg(flqv) = rg(F(f)).

o F(M)=qH =pMp.

e F preserves projectivity. To see this, we first note that p.# is finitely generated and projec-
tive over p.#p, by Lemma 3.2.2. Similarly p°P.#Z°P is finitely generated and projective over
PP PP = (p.p)°P.

Thus, for suitable n,m € N and R € Mod(p.#p), S € Mod(p°P.#°Pp°P) we have

(ptp)" ~p# &R and  (p°P.MPpP)™ ~ pP. M & S,
and therefore

(gNg)"" = (p@p™® (M @ M °*)p @ p™P)"™"
pMp)" @ (p°P A Pp°P)"
ptl B R)® (p°P M @ S)

pM @pP M) D ((p///® S) & (R®p® M) & (R® S)).

~

= (
(-4
~ (
=~ (

From this it follows, that ¢N := p.# ® p°°.#°P is projective over ¢Nq = p.#p & (p-#p)°P

Continuing with an argument similar to the one given in Lemma 3.2.2 (the last 5 lines), we
see that F' maps projective N-modules to projective q/Ng-modules.

Hence, by applying F to the (free) resolution (Cy(#, N),b.) of .# we get a resolution of p.#p
by projective ¢ Ng-modules, with which we can compute the relevant Tor-groups.
Since (pp)(p°PAPp°P) = q.A g, this shows that e )(p///p7 pr) can be computed as the
homology of the complex

((¢4q) ® gng(aN @ .4F") , id ® bn)32,
The g4 g-isomorphism ¢ : ¢4 ¢ ® ¢nqeqgN — ¢4, (from Lemma 3.2.5) given by
qrq @ qy — qxqy,
gives rise to an isomorphism of complexes
e ®id ge- : (g qQ) @ gnggN @ A®*,id @ b.) — (N @ MF*,b.).

Note, that the right-most complex is exactly (F(C. (A, AN)), F (b))
Since F' is an exact (additive) functor, the homology of the right-most complex above is therefore

F(H 2)(/// 7)) =qH: 2)(/// 7). (see e.g. |[CE| Ch. IV, Thm. 7.2)
Hence H (p//lp, =Tp) = qH( (A, T).
The claimed 1dent1ty for the Betti numbers now follows from Proposition 3.2.4, since

TR7(q) = T@T(pp°P) = 7(p)? = >
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3.2.2 Direct sums

We now want to see how L?-homology and L?-Betti numbers behaves with respect to direct sums.
For this, we return to the general set-up, of unital tracial *-algebras, as defined in the beginning
of this chapter.

Proposition 3.2.9 (Sum-formula). [CS03] Let (<%, 7;)f, be a finite family of unital tracial
x-algebras and put o := @ o7;. Choose a family o, ..., o €]0,1[ with > | o = 1 and endow
o with the normalized faithful trace T, given by

n
T(al, N 7Cl,n) = Zain—(ai)
=1

Then, for any p € Ny, we have

HP (o 1)~ P HP (,7)  and P (of,7) = Zoﬂﬁ (o, 75)

i=1

Proof. Define K,(&/) = @™ ,Cy(#, /) and d,, := (b5”,...,b5"), where b} denotes the p’th
boundary map in the Bar-resolution of 7.

Since each (C. (9%, ), bgf)) is acyclic, the complex (K. (), d,) is also acyclic.

Each &7 ® &%j‘)p can be considered a left module over &/ ® &7°P via the action

x1 y(fp
. R A op _ R op 4 op
@ ¢ |a®b? = (20y")(a®bP) =20 @yPVP, (e @V € o ® )

O
Zn, Yn¥

and in particular each C,(4%, 27°) becomes a left o/ ® &/°P-module, with respect to this action
on the first factor. Being the direct sum of the &/ ® &7°P-modules Cp (24, 9Y),...,Cp(,, H7);
K, (47) also has structure as a left &/ ® &/°P-module. Explicitly, the &/ ® &/ °P-action on K, (/)
is given by

X1 i‘/?p
® 1y ven) = (1 @YP)er, ooy (Tn @YLP)Cn), (%)

(o)
Zn, Yn¥

for (z1,...,2n), (Y1,.--,Yn) € & and (c1,...,c,) € K, ().
We now claim, that K,(<7) is projective over & ® &/°P. Each C, (7, «7f) is free over of; @ o/ °
and therefore isomorphic to (<7 ® <7°")(X?) for a suitable set X;. Putting X := X; [[---[[ X, we
have

By (% © )N = (L, © 7))

(where the isomorphism is isomorphism between &/ ® /°P-modules) and hence

@c (i, ) (@d MP)(X).

It now suffices to see that (@7, ® &/?)X) is projective over & ® o/°P.
Since & ® &P ~ @} ;_ . @ 7, the o @ o/ °P-module (o ® o7°P)(X) splits as

(o @)Y = (P00 e (Do),
i=1 i=1

i#]
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and, being a direct summand in a free &/ ® &7 °P-module, ( ?:1(524»@,5271-0")()() is therefore projective
as an &/ ® &/ °P-module. Thus, K, (<) is projective as an & ® 7°P-module.

By what was just proven, the complex (K, (%), b,) is a resolution of @', &% =: &/ by projective
o/ ® a/°P-modules and we now use this resolution to compute the L2-homology of 7.
Denote by e; the element
0,...,0,1;,0,...,0) € o,

where 1; is the unit in <7 and is placed in the i’th coordinate.

Let .#; be the von Neumann algebra generated by % in the GNS-representation with respect
to 7; and let .# be the von Neumann algebra generated by 7, in the GNS-representation with
respect to 7. The map

1
7 (i) 3 17 (1) — —=1-(0,...,0,2,0...,0) € n (&),

Ja

extends to an isometry from L?(<%,7;) to e;L?(</, ), which intertwines the action of <7 with
the action of & on the subspace e;L?(<7). It therefore gives rise to an isomorphism ¢; from .#;
to ej. . If we identify e;L*(o/,7)®@e"L* (o7, 7)° with e; @ efPL*(#/, T)@L?(o/,7)¢, we get an
isomorphism

i @} MM — (e; ® €FF). MM,

such that

1
T @7 (1) = —707(pi ® ;" (T)).

Q; 05

In the following we will suppress the isomorphisms @1, ..., ¢, and simply identify .#; with e;.#
and ;2.4 with e; @ e (M DM P).

Claim 1 The two complexes
((#&a®) & oK), 10 (@10))

and
(B #6470 i Cultinort), w1 @),
i=1
are isomorphic as complexes of left M Q.4 °P-modules.

Here @, M;QM" @ o¢C.(;, o) is considered as an .# .4 °P-module, with respect to the
action given by the analogue of the formula (x).

Proof of Claim 1: Consider any p € Ny and an elementary tensor
T & (ciy...rcn) € MIMP D e Ky(/). We note that 3", e; ®efP is the unit in A/ @2
and from this we get

n

Z (Tei®e;p)® (€15 yCn)

4,j=1

T®(c1,...,¢n)

Z (Te; ® e;p) ® (e; ® e?p(cl, cae) (e ® e;p projection in &7 @ o7°P)
ij=1

I
(]
~
D
&
®
(8]
=0
kel
~—
&
—
=
=
o
&7
=
(e
N
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We now define
b (MEMP) @ oy Kp(l) — ) MBM © o7 Co( s, ),
i=1

on the elementary tensor T'® (c1,...,¢y,), by setting
op(T R (c1y...,¢n)) = ((T61 ReP)@ecr,y. .., (Te, ®eP)® cn),

and extend by additivity.

A direct computation reveals that ¢, is well-defined, .#®.#°P-linear and commutes with the
differentials. From the above calculation it follows that ¢y is bijective and hence an isomorphism
of complexes.

From Claim 1 we get

H;Q)(gf’,r) = Torfe(///@@///ol’,;z{) ~ @Torff(///i®///iop7m) = @HI()2)(JZZL-’T¢).

i=1 =1

This finishes the proof of the sum-formula for the L?-homology of <7

To see the claimed identity for the L2-Betti numbers, we prove the following (slightly) more
general fact.

Claim 2: If Wh,..., W, are modules over M \QM", ..., MM, respectively, then each W;
can be considered as an M .4 °P-module, with respect to the action

Tw:= (T(e; ®e;?))w, (1)

forT € ARM°P and w € W;. Let W := @J_, W, be the direct sum of these M Q.#°P-modules.
Then

dim‘/ﬂ®‘//lop(w) = Z a? dlmﬂl(g//[:p(wl)

=1

Proof of Claim 2: By additivity of the extended dimension function, (Theorem 1.4.7) we get

dim///(g‘//{op (W) = Z dim‘//{@//[op (W»L),

i=1
so it suffices to show that dim_zg_gor (W) = o2 dim g, 4, (W;) for each i € {1,...,n}. We now
fix an arbitrary ¢ € {1,...,n}. Assume first that W; is finitely generated and projective over

M; &P and hence (up to isomorphism) of the form (.#;®.#;")™p for some idempotent matrix
p = A{pst}ii=1 € Mo (AQMT).

For z € M;®.4;", we will denote by zp the matrix {zps}7,—;. Since ps = (&; @ €{”)ps; for all
s,t€{l,...,n} we get

(@1, ey Zm)p = (@1, ..., xm) ((6; @ €;7)p) = ((6; @ €)1, . .., (€; @ €5P) ),

for all (z1,...,2,) € (M R4°P)™. The identity-mapping on (A Q.#°P)p may therefore be
considered as a map from (A#Q.#°P)"p to (M;&.4;")™p and written as

id: (z1,...,2m)p— (€; ®€;°) (X1, ..., Tm)D-
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This is clearly an isomorphism from (.# ®.#°P)™p with standard left .# &.# °P-action to (#; .4, )p
with the .# ®.4°P-action given by the formula () in Claim 2.
So, as a module over A#®.#°P, W, is isomorphic to (A &.#°P)™p and we conclude that

dim_gz.q00 (Wi) = Y 7@ 7% (prs)
k=1

m
= Za?ﬂ @ 7,7 (k) (since pyy € M;RM7)
k=1

This shows, that if W; is finitely generated and projective over .#;®.#;", then the same is true
when W is considered as a module over .# ®.#° and we have dim _z 5 _zo0 (W;) = o2 dim_z. 5.4, (W5).
Thus, for any #;®.#;"-module W;, we have

dim/ﬂ@)/flop (Wz) 2 Oé? dim//[i@//{iop (Wz)
To see the opposite inequality, it suffices to prove the following:

Let W; be any M;.4;° -module. If S is an M;@.4;-submodule of W;, which is finitely
generated and projective when considered as a module over M &.#°P, then S is also finitely
generated and projective as an ;@4 -module and

dim%@%op (S) = 0412 dim/ﬂi@)ﬂiop (S)

Assume that S is projective as an .# .4 °P-module and choose a suitable idempotent
p € My, (M R4°) and an .# .4 °P-isomorphism

p: S — (ARM4°)"p.
Since e; @ €7 is the unit in .#;@.4;", it follows that
p(z) = plei @ €;"x) = e; @ €] (),
for all x € S. Since ¢ is surjective, we conclude that
(MRMP)"p = (€; R PN MIMP)"p = (€; @ L MIMP) (e; @ €;°p) = (M QM) (€; R €;7D).

Since ¢ in particular is .#;®.#;-linear, it provides us with an isomorphism of .Z;®.#;"-modules,
from S to (A;@.4;")(e; ® €;Pp). In particular S is projective as an .#;®.#;"-module. Since we
have

(M @ AMP)"p = (e @ e ) (MOMP)"p = (MOMP)" (e; @ €]"p),

we may use e; ® e;'p to compute the dimension of S over .#®.#°P and we get

dim 5. z00 (S) = Z TR 7P (e; @ e} pi)
k=1

m

_ 2 op op

= Z a;T @1 (e ® e Pri)
k=1

= Oz? dim//[i(g//[op S.

This finishes the proof of Claim 2.

The formula for the L2-Betti numbers of &7 now follows from Claim 2, once we note that the
MM P action on @?:1H1§2) (o7, 7;) given by Claim 2, is intertwined with the natural .#®.#°P-
action on HISQ) (o7, 7) via the isomorphism arising from Claim 1.
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O

With both the compression formula and the sum formula at our disposal, we are able to com-
pute all Betti numbers of finite von Neumann algebras, with finite linear dimension over C.
So, let .# be a finite von Neumann algebra with center %, endowed with a normal, faithful, tracial
state 7. Assume moreover, that .# has finite linear dimension over C. Because of this, the center
of .4 is isomorphic to C" for some n € N. Let e; be the projection in € corresponding to the i’th
standard basis-vector of C". Then e; +---+ e, =1 and .# = &} ,e;.# and since the center of
e; M is e;€, each summand e;.# is a factor. Of coarse e;.# is also of finite linear dimension over
C and hence isomorphic to M, (C) for suitable n; € N.
So, up to isomorphism, we now have .# = @7 M,.(C). Let 1,, denote the identity-matrix in
M,,,(C) and note that e; = (0,...,0,1,,,0,...,0) € .#, where the 1,, is in the ¢’th coordinate.

Proposition 3.2.10. [CS03] With .# = @}, My,,(C) as above and o; := 7(e;), we have

2
S a—;, when p = 0;
0, when p > 1.

/B§>2) ('/%77—) = {

We let trj, denote the normalized standard trace on My (C).

Proof. Since A4 = &7 M,,(C) we have 4 Q@M P = .M @.#°P and all L>-homology in dimensions
higher than zero vanishes, since those are (isomorphic to) the homology-groups of the acyclic Bar-
complex.

To prove the formula for the zero’th Betti number, we first note that

H?(C,id) = COCP/(A®1—1®AP|A e C) =~ CwCP,

and hence 662)((& id) = 1. We now consider the i’th summand M, (C) and the projection

10 - 0
b= N N . . €M7li(c)7
0 0 0

and note that tr,, (p) = L.

ng

Since pM,,, (C)p ~ C, the compression-formula gives

1
Peo) = TR §7 (M, (C), trn,) = 0357 (My, (C), ).

1= My, (C)p, ——trn,

Under the isomorphism of # with @7, M, (C), the trace 7 corresponds to the trace
(X1, Xn) — Y gty (X

and the sum-formula now implies

n_ 2
2 2 a5
é)///T §a2() s ( )trni):g —5.
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3.2.3 L2-homology as an inductive limit

One of the difficulties, connected with the computation of Hochschild homology, is the size of the
modules appearing in the Hochschild complex. These are typically not finitely generated and this
makes it difficult to determine the homology-groups in concrete cases.

We now describe a family of (finitely generated) subcomplexes of the Hochshild complex and show
that the L2-homology can be computed as the inductive limit of the finitely generated homology-
groups, associated with this family of subcomplexes. A similar technique will be taken to use in
Section 3.5, where we will take a closer look at the first Betti number.

Proposition 3.2.11. [CS03] Let (&, 7) be a unital tracial *-algebra and let .4 denote the von
Neumann algebra generated by <7 in the GNS-representation with respect to 7.

There exists a directed family of subcomplexes, (C’ii)(szf/), bff)),-e], of the Hochschild complex
(Cu(A, MRAM°P),b,), with the following properties.

e Foreachivel andn €N, C’,(f)(;zf) is finitely generated and free as an M Q.4 °P-module.

o If @;; denotes the homomorphism of complexes Cii)(szf) — Cij)(ﬁ%) when j > i and
Hiz)(ng) denotes the homology of the complex (C’ﬁl) (o),b.D), then

H’ELQ) ("Q‘(7 T) = hm(H'ELZ) (JZ{)? @ji*)a
where ;. denotes the map in homology induced by ¢;;.
Furthermore, 8% (o, 7) = sup; inf;>; dim 45 _ger (cpji* Hﬁ”(%))

Proof. We first construct the family of subcomplexes. Take any finite set £ C & and any n € N
and define
VE™ .= spanc(E) and V= (vEmyEn,

Let p: &/ @ o — & be the multiplication map and define recursively

m m—

V.Em .= spang ({(u @ 18m—l=mhyEn (1 g ue18m-2mmyyle | (q@hl-m) g :LL)V757—TL1}>7

for m € {1,...,n — 1}. We then define

MM RDAMOP, when k = 0;
C,EE’TL) ()= MIMP R Vn]i’z, when 1 < k < n;
0, when k > n.
Since each V;{”™ has finite linear dimension over C, each C,EE’n) (&7) is finitely generated as

a module over .#Z®.#°P. Note also, that the Hochschild boundary map by maps C,(gE’n)(,Q/ )
into C,f’ln)(;a/), such that (CiE’n)(%), b,) is a subcomplex of (C. (o, 4 R.4°P),b,). Denote by

HE™ (o), the homology of the complex (CF™ (&7),b,).
Let I denote the set of such pairs (F,n) and put an ordering on I by requiring that

(E,n) = (E',n') if ECE andn<n'

Ifi = (E,n) < j = (E',n') we have that (CiE’") (7),b) is a subcomplex of (CiEl’n,)(d),b*).
Let ¢j; denote the inclusion-map and denote by ¢;;, the morphism induced by ¢;; on the level
of homology. Then, since each ¢;; is an inclusion, we have ¢y;, © @i, = g, when ¢ < j 2 k.

So, the system (HS) (#))ier has an inductive limit H, (/) and we now have to prove that this
inductive limit is isomorphic to HnQ)(% ,T).
For each ¢ € I we have an inclusion of complexes v; : (C,gl) (&),by) — (C (A, MRM°P),b,) and
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hence an induced morphism ¥;, : H#)(sz%) — HT(?)(%, 7).

Clearly the 1);,’s are compatible with the ¢;;, s, in the sense that ;. o ¢;;, = 15, , and by Propo-
sition 1.4.12 the proof is complete if we can show that HL” (o, 7) = Userthi, (Hy(f)(,ng))

But this follows, since Cy, (<, # Q.4 °P) = UiesCY ().

Since each C’,gE’n) (&) is finitely generated over .#&.#°P the same is true for the homology
groups and by Theorem 1.4.7 we therefore have

dim_ s, o0 (030 (H () ) < o0.

By applying Theorem 1.4.13 the formula for the Betti numbers now follows. O

3.3 The zero’th Betti number

In this section we want to give a more explicit descriptions of the zero’th L?-homology and Betti
number. This description arises from the fact that we have good access to the zero’th L2-homology,
because of the simplicity of the last boundary map in the Hochschild complex.

Let .# be a finite von Neumann algebra, endowed with a normal, faithful, tracial state 7 and

recall that Hé2)(//{, T) := MM /g (b1), where by is given by
MIMP @M ST DS Tl —18cP) € MDMOP.

Lemma 3.3.1. [CS03] The zero’th L*-homology Hé2)(///,7') is isomorphic, as an M .M °P-
module, to

MIMP R gy M.
Proof. Consider the .# & °P-morphism
o MIMP — MIMP R oM,

given by T — T ® 1. One easily checks that ¢ vanishes on rg(b;) and hence ¢ factorizes through
a morphism ¢ : H(()2) (M, T) — MIMP R yet. A direct computation now shows, that the map
V: MIMP R ye M — HéQ) (A ,T) given by

P(T®a)=[T(ax1)],

is well-defined and inverse to ¢. Here [T'(a ® 1)] denotes the coset in Hég) (A ,T) represented by
T(a®1). O

Lemma 3.3.2. [KR2| Let (J#,(-|-)) be a Hilbert space and consider a unit vector x in J. Assume
moreover that ai,...,a, €]0,1[ has sum 1 and that x1,...,x, € () :={& € | ||€|| < 1}
such that

a1+ -+ apxT, =T

Then x = x; for each i € {1,...,n}.

Proof. We prove the Lemma by induction on n, starting with the case n = 2.
So assume a1, ag €]0, 1] with sum 1 and that x = o121 + aszs. Then

1= {(z|z) = (x|a1z1 + agwe) = oy {z|x1) + ao(x|xs).



3.3. THE ZERO’TH BETTI NUMBER 75

Since 1 is an extremal point in {z € C: |z| < 1} this implies that 1 = (x|z1) = (z|z2). Therefore
(@|21) =1 = [lza] = [Jzallllz]] = (zf1). (1)

From (1) it follows that we have equality in the Cauchy-Schwartz inequality applied to x and x4
and this can only happen if z = Az for some A € [0,00][. (see e.g. [KR1] Theorem 2.1.3) But (f)
also implies that ||z1]] = 1 = ||z|| and we conclude that z = z.

By a symmetric argument, we also have x5 = x and the proof is complete in the case n = 2.
Assume now, that the result holds for some fixed n € N and consider aq,...,a,+1 €]0,1[ with
sum 1 and x1,..., 2,41 € (J€)1 with Z;Lill o;x; = x. We rewrite z as

Qn

«
xTr = (1 — an+1) (1771131 + -+ xn) +an+1m'n+17

Qn 41 1- Qnt1

=
and since Y | —%— = 120nit — 1 we have € € ().

Qp1 l—an41
The result now follows from the induction hypothesis and the case n = 2. O

Recall, that a von Neumann algebra is called hyper-finite, if it is the weak closure of the union of
an increasing family of finite dimensional subalgebras.

As the following theorem shows, the zero’th L2-homology detects hyper-finiteness. (Compare with
Theorem 3.4.5)

Theorem 3.3.3. [CS03| Let A4 be a factor of type IIy and let T be the (unique, normal, faithful)
tracial state on A . Then Hég)(///,T) £ 0 if, and only if, A is hyperfinite.
For the proof we will need the following characterization if hyper-finiteness.

Proposition 3.3.4. [Con76] The factor .# is hyperfinite if, and only if, there exists a state*
0: MM — C such that 0(x @ y°P) = 7(zy) for all x,y € A .

We omit the proof, since it would give rise to a rather big digression from the present subject
of L?2-homology and L?-Betti numbers. A proof can be found in [Con76] Theorem 5.1. (the equiv-
alence of 1. and 5.)

Proof of Theorem 3.3.3. Assume first that .# is hyperfinite and choose 0 : #R.4°° — C as
in Proposition 3.3.4. Let _# be the left ideal in .#®.#°P generated by elements of the form

m®1—1Q®me for m € 4, such that HéQ)(//,T) =MIMP] F.
Consider any m € .# and put X :=m®1—1® m°P. Then
(X" X)=0((m" @1 —-1mP ) (m®1—1QmP))

=0(m'm®1—m"®@m® —mem® +1Qm°P"'mP)

=7(m*m —m*m — mm* + mm”)

=0.
Since 6 is a state, we have (see e.g. [KR1] Proposition 4.3.1)

OY*X)| <X X)0(Y™Y) for all Y € AP,

and hence §(YX) = 0 for all Y € #®@.#°P. Since ¢ is the left ideal generated by elements of
the form X = m® 1 —1®m®P it follows that 0| , = 0. Hence 6 factorizes through a functional
f: HSQ) (M ,7) — C. Since 6 # 0 we have 6 # 0 and this of course implies Hé2)(///,7) # 0.

Assume conversely, that Héz) (A ,7) # 0. We want to construct state § on A4 &.#°P as in

Proposition 3.3.4. Consider n unitaries uq,...,u, € .# and the element
1 s *O 1 = *0 o
X = EZ(ui@)ui P_1®1)= 52(1@)1@ Pui®@l—-1@u’)e 7.

i=1 =1

INote, that there is no normality-condition on
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Claim 1: There exists a state @ on M M4 with o(X*X) = 0.
Proof of claim. Since f# is a left ideal we have X*X € ¢ and by assumption
04 HP (M, 7) = MSMP)] 7.

Therefore X*X can not be invertible in .# ®.#°P and hence 0 € o(X*X) C [0, co.
By continuous functional calculus (see e.g. [Arv] Theorem 2.3.1) we have C*(X*X, 1) ~ C(c(X*X))
and on the latter C*-algebra we can consider the functional evy given by

C(o(X*X)) > f — f(0) € C.

Note, that evy is a state with evo(ids(x+x)) = 0. Let ¢ be the corresponding state on C* (X*X,1),
vanishing on X*X. By the Hahn-Banach Theorem, ¢ extends to a functional, also denoted ¢, on
M QAM°P with the same norm. Thus, ||¢|| = ¢(1) = 1 and hence ¢ is a state on A Q.#°P. (See
e.g. [KR1] Theorem 4.3.2) This extension has the desired property; and Claim 1 follows.

Let % (.#') denote the group of unitaries in .# and let P, (% (.#)) denote the system of finite
subsets of % (.#). Then, by what we have just proven, for each I := {uy,...,un} € P(% (M)
we get an element X7 := 3" (u; @ u;" —1®1) € # and a state ¢; on .#®.#°P vanishing
on X7X;.

Claim 2: There exists a state @ on M .#°P vanishing on
{u@u*? -1 )" (uu™®P—-11) |ue % (H#)}.

Proof of claim. Ordering P.(% (.#) by inclusion, we get a net (©r)rep, (% () in the unit
ball of (#&.#°P)* and by the Alouglu-Bourbaki Theorem (see e.g. [KR1] Thm. 1.6.5) this unit
ball is weak-*-compact. Hence (¢r)rep, (# (#)) contains a convergent sub-net (¢ra)aca. Let ¢
denote the weak-#-limit of this sub-net and note that ¢ is state since each ¢y is a state. We now
aim to prove that ¢ has the desired property.

Let u € % () be given and consider any I := {uy,...,up} € Po(% (A)) with u € I. By doing
the GNS-constuction with respect to ¢; we get a Hilbert space L?(.# @.4°P, o).
Let 0y : MRM°P — L*(MR.4°P, 1) denote the map sending z to the vector represented by x

in L2(M &.4°P, pr). Since ¢ vanishes on X7 X7, we have n7(X;) = 0 and hence
n(u; @ ;™) =n(1@1). (1)

i=1

Because 1;(1® 1), n7(u1 @ ui?), ..., nr(u, ® ui°P) are all unit vectors in L?(.A#/ @.4°P, ;) and
the left-hand side of (1) is a convex combination, it follows from Lemma 3.3.2 that

nr(u; @u;?) =nr(1®1) forallie{l,...,n}
In particular n7(u ® vw*°P) = n;(1® 1) and hence
0=[lnr(u@u® =101 =pr(u@u™® -1 )" (u@u* -1a1)).

This proves that (o1)rep, (% (.a)) is zero on (u @ u*P —1® 1)*(u @ u*°? —1® 1) from a certain
point ({u}) and hence the same is true for the subnet (¢14)aca. Since ¢ is the weak-*-limit of
(¢1a)aca, we conclude that

p(u@uP -1 )" (u®u*™® -1®1)) =0,

and Claim 2 is proven.
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We now aim to prove, that the state ¢ from Claim 2 has the property from Proposition 3.3.4;
i.e. that
oz @y°P) =71(xy) for all x € A ,y°P € A°P.

Consider the GNS-construction L?(.#Z®.#°P, ) with respect to ¢ and let n : A QMP —
L?(M @M, p) denote the map sending = to the vector represented by z. Put & := n(1® 1)
and denote by (-|-) the inner product on L?(.#Z®.#4°P, ¢). To simplify notation, we will suppress
the (generally non-faithful!) GNS-representation of .#Z®@.#°P on L*(.M .4, o).
By construction of ¢, we have u ® u*°P¢ = ¢ for any u € % (.#) and from this we get:
u@uPE=¢
3
(1® u)(u@u') = (1& u™)¢
\
(u®@1)§ = (1u).

Since every element in .# can be written as a linear combination of four unitaries (see e.g. [KR1]
Theorem 4.1.7) we have

(mel)=(1@m®)¢ forallme .Z. ()
For any m,n € ., we get from (x) that
(mn®1)f=me1)(ne1)§=(Mme1)(1en)f=(man)E ()

With these two identities established we are able to prove, that the state ¢ has the desired property.
For arbitrary m,n € .# we have

p(m @nP) = (m@nPE|E) = (mn @ 1)§[€) = p(mn @ 1). (%% %)
Moreover,

p(nm @ 1) = ((nm @ 1)§[€)
= (n®@m°¢|E) (by ()

(1em®)(n®@1)£[E)

(n®1)¢[(1@m™P)E)

(n@1)¢[(m" ®1)§) (by (x))
((mn®1)¢[€)

p(mn®1).

Let .# ® 1 denote the subalgebra {m®1 | m € .#} in .4 @.4°P and note that this subalgebra is
isomorphic to .Z .

The above calculation shows, that the restriction of ¢ to # ® 1 is a trace and since ¢ is a state,
we must have that p(mn ® 1) = 7(mn), since the trace-state 7 is unique.

Combining this with the equation (x % %) we conclude that ¢(m ® n°?) = 7(mn) for all m € #
and n°P € .#°P and hence that .# is hyper-finite. O

Consider again an arbitrary finite von Neumann algebra .#, endowed with a faithful, normal,
tracial state 7.

Theorem 3.3.5. [CS03] Assume that 4 contains a normal element x, with the property that
associated spectral measure E : B(o(x)) — B(L*(M)) has E({t}) = 0 for all t € o(x). Then

B8P () =0.
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Here B(o(x)) denotes the Borel o-algebra on the spectrum of x.
Note, that the requirement E({t}) = 0 for all ¢t € o(x) is equivalent to saying that = has no
eigenvalues.

Proof. Since 7 is faithful, the GNS-construction provides us with a faithful normal representa-
tion of .# on L?(.#) := L?(.#,7) and (as usual) we identify .# with its isomorphic image in
B(L(A)).

We proof the claim by contradiction. So, assume that 662)(/// ,7) # 0. Since Hé2)(/// ,T) is finitely
(singly) generated as a module over .# ®.#°P, Lemma 1.4.8 gives

O (A7) = dim g gon (S (7)) = dim_gzqpon (Mo g g (H (A7), M BM0°) )

Thus, ﬁéz)(% ,7) # 0 implies that there exists a non-zero .# ®.#°P-linear map
@ Héz)(%,T) — MRMP.

Let # denote the left ideal in .# ®.#°P generated by elements of the form m ®1 —1®m°P where
m € M. As an A Q.4 °P-module, Hé2) (M, T) = M2MP] F is generated by [I®1] y and since
@ # 0 we must have p([(1®1)] ») # 0.

Consider the Hilbert space L?(.#&.#°P, 7 @ 7) =: L?(.#&.#4°P) and the non-zero vector & €
L?(M @.4°P), corresponding to the element ¢([1® 1] y) € A @.4°P. For any m € .# we have

(mel-1m®)=mol-1 ®m°p)n(s0([(1 ® 1];))

= 77(90([771 ®1-1® mOP}/)) (@ is M @2 °P-linear)
=0, (mel-—1mPe 7)

which gives
(m®1)E=(1em)¢ forallme #. (1)

The isomorphism ¥ : L2(A# @.#°P, 7 @ T) ~ A (L*(#)), from Proposition 1.2.12, maps £ onto
a non-zero Hilbert-Schmidt operator T and (by Proposition 1.2.15) applying ¥ to the identity (})
yields

mT =Tm forall m e 4. (1)

Especially T commutes with z. By taking adjoints on both sides of (f), we see that also T*
commutes with x.

Since Hilbert-Schmidt operators in particular are compact, T*T is a non-zero, positive, compact
operator commuting with x. Since T*T is compact, its spectrum is a discrete subset of [0, co[ and
may be ordered as a decreasing sequence (A, )nen converging to 0 and since T*T # 0, A, # 0 for
at least one n € N.

Let 7, denote the eigenspace corresponding to the eigenvalue A,, and let P,, denote the orthogonal
projection onto #7;,. Since each P, is a spectral projection of T*T', it commutes with x and hence
Zp := x|z, is a bounded normal (since x is normal) operator on 4.

For A, # 0 the space %, is a non-trivial finite-dimensional space (see e.g. [MV] Prop. 15.12) and
hence 7, has a basis consisting of eigenvectors of x,,.

These, in particular, are non-trivial eigenvectors for x, contradicting the choice of z.
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Definition 3.3.6. A normal element x € .# , satisfying the properties in Theorem 3.3.5, is called
an element with diffuse spectrum. So, x has diffuse spectrum exactly when the associated spectral
measure

E: B(o(z)) — B(L*(A),
has E({t}) =0 for all t € o(x).

As we already noted, E({\}) # 0 if, and only if, A is an eigenvalue of x, so having diffuse
spectrum is equivalent to having no eigenvalues.

Remark 3.3.7. In the last part of the proof of Theorem 3.3.5 we actually proved the following
fact: If M C B(H) contains an element with diffuse spectrum, then .4’ intersects trivially with
the compact operators on €. This observation will turn out useful later.

Corollary 3.3.8. [CS03] If A is a factor of type I1; then ﬂ(()Q) (A ,T)=0.

One way of proving the Corollary, is to note that each II;-factor contains an element with
diffuse spectrum. Such an element can be constructed explicitly, as a weak limit of a sequence
consisting of weighted averages of projections.

We choose a slightly shorter proof, adapting the ideas from the proof of Theorem 3.3.5.

Proof. Assume, towards a contradiction, that ﬁéz) (A ,7) # 0. Then, as in the proof of Theo-
rem 3.3.5, there exists a non-zero .# &.#°P-linear map ¢ : M QM°° — M .4°P, vanishing at
elements of the form

m®1—-—1m® forme . #.

Since ¢ # 0 and 4 ®.# °P-linear, we must have z := p(1® 1) # 0 and
(m® 1)z = (1®m°P)x,
for all m € .#. Consider any n € N. Since .# is a II;-factor, we can find n equivalent, orthogonal,

projections p1,...,p, with sum 1. We then get

n n n n

r=Y pole=>Y pel)r=> (pe)lep)z=> (pop’).

i=1 i=1 i=1 =1

From this we see that

n

TRTP(z'r) =7® TOp( Z (pi @ p;Px)* (p; ®p;p)x)

4,j=1

= Z T ® 7P (x* (pi ® p?p)x)
i=1

= Z TRT® ((Pz Qp;P) x x(p; ®p?p)) (T ® T°P trace)
i=1

< Z ||I||§OT®T((P1‘®p?p)*(p¢®pfp)> (T ® T state)
i=1

n
=D llzlZ7 () 7P (57)
i=1

f% N — 1 _ ~op(,OP
===, (7(pi) = 5 = 7°P(i"))

Since this holds for any n, we conclude that 7 ® 7°P(z*z) = 0. But since 7 ® 7°P is faithful and
x # 0, this is a contradiction.
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O

As a consequence of Corollary 3.3.8 we see that if .# is a factor of type II;, then H(()Q)(///, T)
contains no non-trivial, finitely generated, projective, .# ®.#°P-submodules.
Note however, that since the extended dimension function is not faithful, we can not conclude
that the zero’th L?-homology vanishes. (Compare with Theorem 3.3.3)

Remark 3.3.9. Corollary 3.3.8 together with Proposition 3.2.10 gives us a formula for the zero’th
Betti number of any finite factor. More precisely, if # is a finite factor with (unique) tracial state
T, then

1 . .
(2) _ | o= if A s of type 1
o (A7) = { d, when A is of type I1;.

3.4 Betti numbers of the hyper-finite factor

In this section we introduce the so-called hyper-finite factor and use the the compression formula
to give an estimate of its L?-Betti numbers. The presented results (except Theorem 3.4.5) can all
be found, in more or less the same form, in [KR2] Chapter 10 and 11.

Put A, := M3(C)®" and define ¢, : A, — Ap11 by
Pn 10 QT F— TR R, ®1,

where 1 denotes the unit matrix in M5(C). Note, that each ¢,, is an injective and unital *-algebra-
homomorphism and let ,,, denote the composition ¢,, o Y;,_10---0 ¢, for m > n. The system
(A, pn) defines a directed system of C*-algebras and we denote by 7 its inductive limit and
by (e )nen the corresponding sequence of (injective, unital ) x-algebra-homomorphisms from A,
into 7. Recall, that &7 is the norm-closure of U,rg(ay,) (see e.g. [KR2] Proposition 11.4.1) and
denote by &, the range rg (). Let tr denote the (unique) trace-state on My(C). Then

t®" = tr @ - - Qtr

is a trace-state on A,, and since each A, is a finite factor, this trace-state is unique. Hence each
o7y, has a unique trace-state, which we will also denote by tr®".
For m > n we have

tr®m ° (Pmn(ml Q- - ®xn) —

=tr(zy) - tr(x,)

Because of this, we can define a functional 7 on the algebra U, <7, by setting
T(an(a)) == tr°"(ay,(a)).

Since each tr®" is a state, and hence of norm 1, 7 is a bounded linear functional and has therefore
a bounded extension (also denoted by 7) to all of 47, of norm at most 1. Since 7(1) = tr(1) = 1,
we have that

7]l =1=7(1),

and this implies that 7 is a state. (see e.g. [KRI1] Theorem 4.3.2) Any other trace-state on &7
restricts to a trace-state on .27, and must therefore coincide with tr®” here. Thus, 7 is the only
trace-state on <.
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Proposition 3.4.1. The inductive limit <7 is a simple C*-algebra.

Proof. Assume _# to be a proper, closed, two-sided ideal in &/ and let m denote the quotient-
mapping &/ — &/ /_#. Since any matrix-algebra M} (C) is simple, each 7, is simple and hence
we have either o, N _# = {0} or &, N ¢ = o,. Since <, contains the unit of &7, and ¢ is a
proper ideal, the latter case is impossible and we therefore have o7, N _# = {0}.

This implies, that the restriction 7|y, : @4, — &7/ _# is an injective *-algebra-homomorphism
and hence an isometry. Hence 7|y, o, is an isometry and since U, %, is dense in &/, 7 is an
isometry — in particular injective. Thus # = {0}. O

Corollary 3.4.2. The trace-state T on < is faithful.
Proof. Put J = {a € &|7(a*a) = 0}. For any a,b € o/ we have

(a+b)*(a+b)+ (a—b)*(a—b) =2(a"a+ b"D),

and hence (a 4+ b)*(a 4+ b) < 2(a*a + b*b) and from this it follows that J is a subspace of <.
Moreover, since a*b*ba < ||b||?a*a it follows that J is a left ideal and since 7 is tracial, the same
relation implies that J is a right ideal.

So, if J # 0 its norm-closure ¢ is a non-trivial, closed, two-sided ideal in &/, which then have
to be all of &/. But this is not possible, since for instance 1 = 7(1*1), and we conclude that 7 is
faithful. O

Proposition 3.4.3. The C*-algebra o/ can be faithfully represented as a strongly dense subalgebra
of a II;-factor.

Proof. Let 7, be the GNS-representation of &/ on L?(/) := L?(/, 7). Then, since & is simple,
7, is a faithful representation and we denote by .# the strong closure of 7, (<7).

We now wish to show that .# is a factor of type II;.

By Lemma 3.1.2, 7 extends to a faithful, normal, tracial state on .# and thus .# is finite.

Let p be the (unique, normal) center-valued trace on .# and assume that p is a non-zero central
projection in .#. Choose moreover a unit vector x € rg(p) and an arbitrary unit vector y € L?(«/)
and let w, and wy, denote the corresponding (normal) vector-states.

Note, that w, o p and w, o p are both normal, tracial, states on .#. Since ./ admits only one
trace-state, the restrictions of w, o p and wy o p to &/ must coincide and since & is ultra-weakly
dense in .#, the normality of the two states implies that they must agree on all of .Z.

We have

wz 0 p(p) = (p(p)z|z) = (pr|7) = (T|2) =1
wy o p(p) = (p(P)y|y) = (PY|Y)

Since y was an arbitrary unit vector, we conclude from this that (py|y) = 1 for every unit vector
y and hence

11 —=pyllz = (1 —p)yl(1—p)y) ={(1—pyly)=1-1=0.

Thus, p = 1 and hence .# is a factor. Since &/, and hence .#, contains matrix-algebras of ar-
bitrarily large sizes, .# can not be of type I,, for any n € N and we conclude that .# is type II;. O

The factor .# constructed above, is called the hyper finite factor. One can show, that every
other finite factor, containing an increasing family of matrix-algebras, are isomorphic to the one
constructed here. Hence the word ”the” in the name ”the hyperfinite factor”. This however, is
not particular relevant at this moment. See e.g. [KR2] Theorem 12.2.1.
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Theorem 3.4.4. The hyperfinite factor A is isomorphic to Ma(A).

Proof. Consider again the directed system (A, ¢,) from the beginning of this section and put
B, := A,+1 and ¥, = @41, so that B, = M3 (C) ® A,.

Then (B,,%,) forms another directed system of C*-algebras and we denote by £ its inductive
limit and by (5,) the associated family of (injective, unital) x-algebra-homomorphisms from B,
into 4.

A straight forward argument, using the uniqueness of inductive limits, reveals the following two
facts.

e The inductive limit £ is isomorphic to <.
e The inductive limit & is isomorphic to M3(C) ® <.

(Note, that there is no ambiguity in writing M»(C) ® &7, since M3(C) is nuclear.) Because of this,
we get an isomorphism of &7 with M(C) ® o/. Let .4 be the von Neumann algebra generated
by M3(C) ® & in B(C? ® L*(</)). Clearly 4 contains My(C) ® .# and since the latter is a von
Neumann algebra we get that 4 = My(C) ® 4. In particular, .4 is a factor of type II;.

We now need to see that .# and .4 are isomorphic.

Let o denote the unique tracial state on .4, let 7, be the GNS-representation of .4 on L?(A4, o)
and let £, denote the cyclic trace-vector corresponding to the unit in A"

We now prove, that the image 7, (M>(C) ® &) is strongly dense in 7, (.4"). To see this, let
e (n) € me(A) be given. Since M>(C) ® o is strongly dense in .4, we can find a bounded net
(2o) in M3(C) ® &7 converging strongly to n. (the Kaplansky density Theorem)

Since 7, is a *-algebra-isomorphism, it is strongly continuous on bounded sets and hence (7, (x,))
converges strongly to m,(n).

From this it follows, that 7, (M2(C) ® &), is dense in L?(.4", o). To see this, it suffices to check
that 7, (M2(C)® ), is dense in 7, (A)¢,. By what was just proven, for any 7, (n) € 7,(A") we
can find a net (z4) in M3(C) ® & such that (7, (x,)) converges strongly to m,(n). In particular
(75 (2a)&y) converges to my(n)&,.

Since o/ ~ M5(C)® .47, we may consider the restrictions of 7, and 7, as two different represen-
tations 7y, o of the C*-algebra 7, each having a cyclic vector &1 := &, and & := &, respectively.
Since &; and &3 are unit trace-vectors for .4 = W*(m1(«)) and ma(4") respectively, we must have

w& o = (.052 O T, (T)

since the trace-state on & is unique. We now claim, that the map m1(a)& — m2(a)é2 (a € &) is
well-defined and extends to a unitary from L?(</,7) to L?(.A, 0).
To see this, we first note, that for any a € &/ we have

Im1(@)é1l3 = (mi(a)ér|mi(a)éy)
= (m(a*a)é1[&1)
— wg, om(aa)
= wg, o ma(a"a) (By (1))
= |[m2(a)é]3.
From this it follows that U : m1(2/)& — ma (/)& given by m(a)é; — ma(a)és is well-defined and
isometric. Since 71 (27)&; is dense in L?(/, 1) and mo(/)&s is dense in L2(A,0), U extends to

an isometri (and hence unitary) from L?(<, 1) onto L?(A, o).
For any a,b € o/ we have

Uni(b)(m1(a)ér) = Umi(ba)é:
= 772(ba)§2
= m2(b)m2(a)é2
= ma(b)U(m1(a)é1),
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and, by density of m ()&, we have Uy (b) = m2(b)U.

So, U is unitary which intertwines the two representations of /. In particular it gives rise to a
x-algebra-isomorphism (Ady~) from .# = W*(m1 (7)) to W*(ma()) = 7, (A).

Thus # and A are *-algebra-isomorphic and since A = Ms(C) ® A4 ~ Mo( M), the proof is
complete. O

With this information about the hyper-finite factor at our disposal, we are now able to (par-
tially) compute its L2-Betti numbers. The claim is the following.

Theorem 3.4.5. Each of the L?-Betti numbers of the hyper-finite factor .# is either zero or
infinite.

Proof. Let n € Ny be given and let 7 denote the unique tracial state on .#. We wish to prove
that 82 (., 7) € {0, 00}
By Theorem 3.4.4, there exists a *-algebra-isomorphism ¢ : .# — My(.#). Let 7 be the trace-
state on My (.#Z) given by

P Y L) + 7))

mao1  MM22

and note that 7 o ¢ = 7, since the trace-state on .# is unique.

We now counsider the projection p := (1) 8 ) € My(A) of trace 3.
By the compression formula (Theorem 3.2.8) we have
1 1
(2) (p M. = = @) (M. = = 483 (M. Y.
6n (p 2(%)297 7~_(p)T|pM2(//l)P) (%(p))g 571 ( 2(%)7 T) ﬁn ( 2(%)77—) (*)

Since ¢ : M — My(A) is an isomorphism with 7 = 7 o ¢ we also get

B (M 7) = B (Mo (M), 7). ()

On the other hand, the compressed algebra pMs (. )p is isomorphic to .# (via ( %1 8 ) — m)

and under this isomorphism %p)ﬂp Ms(a)p corresponds to 7. From this we get

@) 1
B2 M), =1

7~'|pM2(//z)p) = 57(12)(///» 7). (% * %)
Substituting with (x*) and (x % %) in the equation (%) we arrive at the formula

B (M 7) = 48D (M, 7T),
and conclude that @(LQ) (A ,T) is either zero or infinite. O

Note, that by Corollary 3.3.8 we must have 662)(///, 7)=0.

Remark 3.4.6 (The Fundamental Group). Consider a II;-factor .# and let T denote the
trace-state on A . We then define

Fo :={7(p)|lp € A is a projection with p.#p ~ A }.

We now prove that Fy is a multiplicative sub-semi-group in J0,1]. Let A\, € Fy and choose
projections p,q € M , satisfying the isomorphism-condition, with T(p) = X and 7(q) = p.
Choose a x-algebra-isomorphism « : M — p#Mp. Then a(q) is a subprojection of p and
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To see that A\ € Fo, it is therefore sufficient to prove that o(q)# o(q) ~ M .
But this follows, since

M = qlq = a(q)a(A)a(q) = a(q)p#palq) = alq)# a(qg),

where the last equality comes from the fact that a(q) < p.

Clearly 1 € Fy and hence Fy is a semi-group.

We denote by F the subgroup in (Ry,-) generated by Fo. The group F is called the fundamental
group of the factor A .

Note, that if 4 has non-trivial fundamental group, then each of the L?-Betti numbers of . is
either zero or infinite, since the proof of Theorem 3.4.5 applies in this case.

In more details; if p € A is a projection of trace o # 1 with p.#p ~ M, then the Compression
formula yields

1 1
5»22)(17%17’ 57-'1)//117) = ?ﬁg)(%ﬂ-)

If o : M — pMp is an isomorphism, then (since M is a factor) we must have é’]’ pttp =TO o1

and hence

1
57(12) (p#p, aﬂp/ﬂp) = 67(12)(//4 7).

Since a # 1, we conclude from this that ﬂr(f) (A,7) € {0,00}. However, by Corollary 8.5.8 we
must have ﬂ(()Q) (A ,T)=0.

3.5 The first Betti number — Part I

In this section we focus on the first L?-Betti number of a finite von Neumann algebra .#, with
faithful, normal tracial state 7. We construct a family of ”small” complexes, whose homology-
groups forms an inductive system with H 1(2)(/! ,7) as its inductive limit. Using this, we give some
estimates concerning the first L2-Betti number in some special cases.

Note, that we already gave one such description of H1(2) (A ,T) in Proposition 3.2.11. Since we
are only concerned with the first L2-homology, we can (as we shall see in a moment) do with a
simpler family of complexes, than the ones constructed in the proof of Proposition 3.2.11.

Consider a finite set F := {x1,...,2,} C .# and denote by A the algebra generated by F.
Note, that we do not (yet) require A to be stable under the involution .
Define C4(F) := # @ .#°° @ spang(F) and dp : C1(F) — A @ A °P by

dr(T®a)=T(a®1—-1®a).

Clearly drp commutes with the left action of .# @ .#°P, so we get a complex of left .# ® .#°P-
modules
0 — ker(dp) - C(F) L5 W@ MP — 0,

where ¢ denote the inclusion map. We now apply the functor .#Z®.#°° ® 4-— to this complex
and get the following complex of left .# ®.#°P-modules.

0 — MBIMP D yeker(dp) 2 MSMP @ 4eCLF) Y MSMP @ goll @ MP — 0.

We then define

_ ker(1®dr)

H(F) := mA®0) and  B(F) :=dim_gg. g0 (H(F)),

where the dimension function dim g _zo»(-) is the one arising from the trace-state T ® 7°P on

MRMOP.
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Lemma 3.5.1. [CS03] If A (the algebra generated by F) is unital, then coker (dp) := #°/rg(dF)
and M° ® ac A are isomorphic as left A °-modules.

Proof. We apply the technique from Lemma 3.3.1. A direct calculation shows, that the .# & .4 °P-
linear map ¢ : A — M° & acA given by T — T ® 1 is well-defined and vanishes on the
elements

z;®1-1®z® forie{l,...,n}

Since rg (dp) is the ideal in .Z° generated by these elements, ¢ factorizes through a morphism
@M rg(dp) — MR 4e A
As in Lemma 3.3.1, we wish to define a map 9 : #°® 4e A — #°/rg(dr) by the relation
Yv:TRar— [T(a®1)],

where the bracket indicates the coset in .#°/rg(dg) represented by T(a ® 1).
If ¢ is well-defined, it is clearly a two-sided inverse of ¢ and in this case the proof is complete. So,
we have to prove that ¢ is well-defined. Consider the map g : #° x A — #°/rg(dF) given by

(T,a) — [T(a®1)]
This is clearly C-bilinear and to see that v is well-defined we just need to prove that

T(Z a; X b?p), CC) = Ql}o(T, Z ai:cb,-),

forall T € #°,%,a; ®b;® € A° and x € A.
We have

Zaz ® b5P), Zasz [ Zaz RbP)(z®1) ( Zasz ®1)}
= Z [ a;x @ b)) — T(a;xb; ® 1)}

_Z[ (a;z® 1) <1®b?p—bi®1)}7

and since dp is .#°-linear, it suffices to show that 1 ® a®® —a®1 € rg(dr) for every a € A.

By the bilinearity of the tensor-product and the additivity of dg, it suffices to consider the case
when a has the form z;, - - - z;,, with z;,,...,2;, € F.

In this case we have

op op s — e P _ g
1®xik C Xy — Ty i, ®1 =4 T, @@y i Ti, ®1
R OPOP s op
+ i, Tip_o QT Ty | — Tjy Ty @ Ty,
. B op ,.0p
-‘rl‘“ mlk 3 ®.73 zk 1xik_2 xll xzk 2 ®$ zk 1

P Lg% g OP .. oP
+1Qwm, -z, —x, Qu,” ---xy,

Each term in the above sum lies in rg(dp) since

s OP .. pOP — . OP . 9P
T, Ty DT, TpZip1 — Tig o Tig_ T, i 2

— . e oP | 0P op .
=Ty Ty, QT $k7j+2(1®33zk i 33%_].“@1),
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and the proof is complete. O

Let P.(.#) denote the system of finite subsets of .# and order P.(.#) by inclusion.
If F,G € P.(A) with F C G, this inclusion extends to an inclusion

C(F) :== (M & M) & spanc(F) o (M @ M°P) @ spang(G) =: C1(G),

and since & (ker(dr)) C ker(dg) we get a morphism of complexes

0 —> ker(dp) ——= C1(F) —% 4 & > — 0

0 — > ker(dg) —— C1(G) —% w4 — =0

We therefore have an induced morphism
G H(F) — H(G).

Since each ¢ is an inclusion, we obviously have '@ 0 & = PHF whenever F C G C H and
hence also % 0 & = LHF 1 this way (H(F))rep,(a) is turned into an inductive system
of A &.#°P-modules and the following holds.

Proposition 3.5.2. [CS03] We have Hl(Q)(///,T) =lim H(F) and

O, )= su inf dim g5 o0 (¢5F (H(F)))
5 - P m 1m ) - .
Pean= ol s g (557 G

Proof. Consider the bar-resolution (C, (A, #°),b,)52, of .# and the maps

1®dp Z%@%Op(@%eCl(F) — MRIMP R g M
L @by MBMP S e COr(l s M) — MEMP S godl®

Since dp and by is given by the same formula, we get an inclusion ker(1 ® dr) C ker(1 ® by) and
in particular a homomorphism

F i ker(1 @ dp) — ker(1®by)/rg(1@by) = H (M, 1),

by composing the inclusion with the quotient-morphism.
Let ¥\ Ty @z € (MDMP) @ gy ker(dp) be given and consider the element

k k
1)) Tiew) =Y Ti®un) € ARMP D 4:CL(F) C MSMP D 4eCi(M,M°).
i=1 i=1
By exactness of the bar-resolution, each ¢(x;) has the form ba(y;) for some y; € Co( A, #°) and

hence
k

k k
@) Tiew) =3 Ti@bly) =100 _Ti@ ).

i=1 =1

Thus, ¥ induces a homomorphism

F  H(F) :=ker(1®dp)/rg(1®1) — H (7).
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Since ¥f is induced by the inclusion ker(1 ® dr) C ker(1 ® by ), we see that
Y% 0 G = yF when F C G .

Because Upc 4 C1(F) = Cy(M, #4°) we get Upc 4rg(P) = H1(2)(///,T) and by the uniqueness
of inductive limits the first claim in the proposition follows.

To prove the formula for the first Betti number, we prove that dim_yg_zor (H (F')) < oo for all
F C # and the formula then follows from Theorem 1.4.13.
For this we first note that

dim @ gor (M QM @ - C1(F)) = dim_ g _gov (M @M °P) @ spang(F)) < [F| < oo.
By construction, H(F) fits into the short-exact sequence
0—rg(l®e) — ker(1®dp) — H(F) — 0,
and by additivity (Theorem 1.4.7) of the dimension function we see that

dim%@%op (H(F)) S dim%@%op ker(l ® dF) S dim%®%op((%®%°p) X %LOl(F)) < 0.

As the above proposition shows, one way of getting access to the first Betti number, is by
computing the values of the family

dim_g . g00 (7 (H(F))),
where F' C G C .. Hence the following definition.

Definition 3.5.3. We let H(G : F) denote ¢S (H(F)) and define

B(G : F) = dim g5.40 (9" (H(G : F))).

Remark 3.5.4. Note, that for any pair F,G € P.(A) with F C G, we have
H(G: F)C H(G) and therefore B(G : F) < B(Q).
Also note, that
G,F
" (ker(l1®d
T (H(F)) = —gpr e 8 dr))
G F(ker(l1®dp)) N (rg(1®@ta))

where 1 denotes the inclusion ker(dg) C C1(G).

In order to investigate the first Betti number further, it is convenient to introduce the notion
of Betti numbers of bimodule-maps. This is done in the following section.

3.6 Betti numbers of maps

We still assume that .# is a finite von Neumann algebra, endowed with a fixed normal, faithful,
tracial state 7. Denote by L2(.#), L?(.#°P) and L?(.# &.#°P), the Hilbert spaces arising from
M, MOP and M Q4 °P respectively, in the GNS-construction with respect to 7,7°P and 7 ® 7°P.
Let n,m € N be given and consider an .# ® .4 °P-linear map

[l @A) — (M@ AMP),
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and the induced map
1®f . %®%op®%e(%®%0p>n N %@%OPQ@‘/”G(%@%OP)TU

For each k € N we have a canonical isomorphism of left .# ®.#°P-modules

g MIMP R ge(M @D MPVF — (MRM°P)F, given by
ag : TR (x1,...,20) — (Tz1,...,Tzy).

Let f'N : (M @MP)" — (MPM°)" denote the map o, o (1® f) o ;! and note that fvV
extends the map f. Since fN is .4 ®.#°P-linear, it extends to a bounded .# ®.#°P-equivariant
operator?

@ L2 #@M°P\ — L*( MM
Consider ker(f) as a subspace of L?(.# ®.#°P)" via the natural inclusions

(M @ MP)" C (MM C L (MM,

and let ker(f) denote its closure in L?(.# @.4°P)".

Then ker(f) is an .# ®.#°P-invariant subspace of L?(.# ®.#°P)" and hence a finitely generated
Hilbert .#&.#°P-module. Since f?) is an .#®.4°P-equivariant operator its kernel is also a
finitely generated Hilbert .# ®.4°P-module and since ker(f) C ker(f(), also the quotient

ker(£2)
ker(/)

is a finitely generated Hilbert .# ®.#°P-module.
This allows us (See e.g. Definition 1.3.18) to define the Betti number of f as

)

(2)
B0 1= dim s o (M) = A e her(F ) i en (BT,

where the last identity follows from additivity of the dimension function and Corollary 1.4.6. As
usual, the dimension dim_zs_zo» (+) is the dimension function arising from the tensor-trace 7 ® 7°P
on M QM.

We now aim to give an algebraic description of the Betti number of f.

Let ¢ denote the inclusion ker(f) C (# ® .#°P)"™ and consider the complex

0 — MBMPS_ye ker(f) 225 MMV ye (MO MP) EL (MM gy (MSMP)™ — 0.
Then the following holds.

Proposition 3.6.1. [CS03] With the above notation we have

dim,_ g o0 (ker(f2))) = dim_ya_gon (ker(1® f))
and

dim gz gor (ker(f)) = dim_gg . z00 (1g (1 ® 1)).
In particular

ker(1® f)

B = dim s oo (ST 05

) = dim g5 on (Ker(1 f)) = dim g5, gon (rg (192).

2In the language of Chapter 1, f(2) is the map v(feN).
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For the proof, some notation will be convenient:
Put N := A4 @ #°° and N = H#R.#4°P. In the proof of Proposition 3.6.1 we will make use
of the functor v from Theorem 1.3.17 and hence it is practical to distinguish between A4 as a
finitely generated projective .#-module and .4#™ as a subspace of L?(.4)". We therefore let 7
denote the inclusion 4™ C L?(.4#")" and put K := n(ker(f)). In this notation, the second equality
in Proposition 3.6.1 becomes

dim_y (K) = dim_¢ (rg (1 ®1¢)).

The proof of Proposition 3.6.1 uses ideas from the proof of [Liic98] Theorem 5.1

Proof of Proposition 3.6.1. We aim to prove that

dim_y (ker(f®)) = dim_y (ker(1® f)) and  dim_y (K) = dim_y (rg(1 ®1)). (%)

We first note, that the inclusion ¢ : ker(f) € N™ and the natural isomorphism

Qp : N @NN™ — N"™ gives rise to an A4 -linear map ¢ := a0 (1y ®@1) : N @ y ker(f) — A
Let p € B(L?(#)") denote the orthogonal projection onto K. Since K is .4 -invariant, the
projection p is .4 -equivariant and we may therefore consider the map v=1(p) : /™ — A#™. We

now prove that

rg(v"'(p) =rg(g) (1)

where closure is the algebraic closure relative to 4. (See e.g. Definition 1.1.8)

?»2” Let x € ker(f) and T € A" be given. We then have
(Lyn —v7H(p) 0 g(T @) = (12 — p)(n(T')) = Tn(x) — Tpy(x) =0,

where the last two equalities come from the fact that p is .4 -equivariant and px = .
Since A" (the target-space of 1_y» — v 71(p)) is A -projective, Lemma 1.1.9 implies that
ker(1_y» —v=1(p)) is closed. Thus,

r2(9) ™ C ker(1yn — =1 (p)) = rg (™' (p)).

?C”  Let ¢ € Hom 4 (A", .4") be given and assume that ¢ vanishes on rg(g). We need to see
that ¢ vanishes on rg(r~1(p)); or, equivalently, that v(p) op = 0.

Since ker(v(p)) is closed in L?(4)™ and p is the projection onto K, it suffices to prove that
K Cker(v(p)).

But since K C n(rg(g)), this follows from the construction of ¢. We now have

dim_y (K) := dim_y (v 1 (K))

= dim.y (rg (v "' (p)))

— dim_y (rg(g) ") (by (1))
= dim_4 (rg(g)) (by Thm. 1.4.7)
= dim_y (an (rg (1 ®¢)))

=dim 4 (rg(1 ®1¢)), (v, isomorphism)

as desired.

To prove the first identity in (%), we consider the following exact complex of finitely generated
Hilbert .4"-modules:

(2)
0 — ker(f@) 5 LX) L L2y,
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Since v~ ! preserves exactness, (Lemma 1.4.6) we get the following exact complex of finitely gen-
erated projective 4 -modules:

-1 i)
0 — v ker(f®)) " =& ym " L)
Recalling that v~ () = f*V we now get

dim_y (ker(f®)) := dim_y (v (ker(f@)))
= dim_y (ker(v ' (f®))))
= dim_y (ker(f*™))
= dim_y (ker(1® f)),

and the proof is complete. O

Corollary 3.6.2. [CS03] For the map f : (M @ M°P)" — (M @ M °P)™ we have
B(f) = dim_y&_goe (Tor{fl@/”op (MM P, coker (f)))

Proof. As in the above proof, we put N := # Q #°° and AN := A QQ4°P. Since [ is a map
between free .# ® .#°P-modules, the exact sequence

N~ L, ym — coker (f) — 0,

may be extended to a resolution

) fimy L

L Ny Gany e o, N(X2) S2, o Nn S N™,

of coker (f) by free N-modules. We now apply .4 ® y— to this resolution and get

'—M/V@NN(XL)% ...... %JV(@NN()Q)%JV@NN"ﬁ,/V@NNm.
By definition of Tor, we have

s _ke(16)
Tory' (A, coker (f)) = e (10 fo)’

and by exactness of the free resolution we get

rg(1® fa) :{ZTi®f2(l’i) | Ty € N, @; € NEX2)Y
=) Ti®z | T, € N,z € ker(f)}

=rg(1®),

where ¢ as usual denotes the inclusion ker(f) € N™. The claim now follows from Proposition 3.6.1.
O

Remark 3.6.3. Let, as before, v denote the inclusion ker(f) C (A @ A°P) and consider the
complex

0 — MM g ker(f) 13 MOMOPR_ e (MSMOP)" 18f (MDMOP)D e (MRMP)™ — 0



3.6. BETTI NUMBERS OF MAPS 91

from the beginning of this section. Recall that f'N : (M QMP)* — (M DMP)™ is the map
induced by 1 ® [ by applying the natural isomorphism «, (respectively a,,) on the source-space
(respectively target-space) of 1® f.

We have

an(rg(1®1) = Y Ti®a; | Ty € MM, x; € kex(f)}
={) Tixi | T; € MM, z; € ker(f)}.
Thus, o, (rg(1®¢)) is the sub-module in (A .4 °P)" generated by elements of the form Tx, where

x €ker(f) and T € M RM°. We denote this submodule by [ M R.4°P - ker(f)].
In this notation, the last equation in Proposition 3.6.1 now has the form:

o ker(f*V)
B(f) = dim g gor ({jl@///op ~ker(f)])'
This description of B(f) will turn out practical later.

The following two results are not of particular importance at the moment, but they will be
needed in the following section. We present them here, to avoid to many digressions later.

Lemma 3.6.4. [CS03] For any finite subset E C L?>(.#) and any € > 0, there exists a projection
p € M such that for every & € E we have

pE € 1y (A) and [|p§ = &2 < e

We omit the proof, since it requires some techniques from the theory of unbounded operators,
not available within the context of this text. See e.g. [CS03] Lemma 2.15.

Proposition 3.6.5. [CS03] Let W denote the algebraic tensor product L*(.#) @ L?(.#°P) and let
“over-lining” denote closure in the norm from L*(M)QL*(M°P) = L*(M @.4°P). Then

ker(f(2)) N W™ = ker(f),

and hence

B(f) = dim_gg_gon (ker(f)) — dim_zg_gon (ker(f2) N ™).

Proof. By definition of 5(f), the second equality follows from the first.
To prove the first identity, we note that ker(f) = ker(f) N (# @ .#°P)" and since

(M & MP)" C (L (M) & L (A7) =W,

the inclusion ”2” is clear.

For the opposite inclusion, we consider an arbitrary vector ¢ € ker(f) N W" and let £ > 0 be
given. We then need to find a vector ¢’ € ker(f?) N (.4 @ .#°P)" such that ||€ — &||2 < e.

Since £ € W™, it has the form (&1,...,&,) with &,...,§, € W. Each &; therefore has the form
> &ig®mij with &;; € L?*( ) and n;; € L*(.#°P). Note, that for any pair of projections p,q € .#
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we have

n
lp®¢P¢ = Ella = | D llp ® ¢°P& — &3

<> P ®q™é —&illa
1=1

< Z Z ||pfz‘,- ® q°Pni; — &, @, |2

i=1 j

=33 lIpéi, @ % mi, — &, @i, + &, ®¢°Pni, — &, @iyl

i=1 j
< ZZII P&i; — &) @ ¢°Pnill2 + 116, @ (¢°Pns; — miy)l2
=1 3
n
=33 lIp&i, — &, ll2lla™mi, N2 + 16, 200, — i, ll2
i=1 j

Therefore, by applying Lemma 3.6.4 on {&;,]i,5} and {n;,|i,j} respectively, we may find two
projections p, q € .# such that p ® ¢°P¢ € (M @ A°P)" and ||p ® ¢°PE — &||2 < e.
Since f?) is .# &.# °P-linear, we get

FPp @) =peqP P (E) =0,

and hence p ® ¢°P¢ € (M @ A°P)" Nker(fP) = ker(f). Thus, & := p ® ¢°P¢ has the desired
properties.
U

3.7 The first Betti number — Part II

We now return to the problem of computing the first Betti number. Consider again a finite subset
F={xy,...,2,} C . Recall, that we defined C(F) := (A#°) ® spanc(F') and a map
ClF)5T®z S T(r®l—10a%) € 4,

which is the restriction of by to Cy(F) C Cy(A,.#°). Applying the functor (A RM°P) @ 4e—
we get

1@dp : (AQMP) D qe(M°) @spanc(F) — (M OMP) @ g (A7),

and we denote by d% : .4 &P @ spang(F) — M @.4°P the map induced by 1 ® dr under the
natural identification of (A#@.#°P) @ ye(M°) with M R.4°P. (see e.g. section 3.6)

Let [ denote the linear dimension of spang(F') and choose a linear basis z;,, ..., z;, consisting of
elements in F'. Note, that .#®.#°P ® spang(F) is isomorphic to (.# &.#°P)! via the map

Z:usz ,L"lT "7NJZT)3
and note also that

AN oa N (S,..., S ZSJ (2, @1 —1@a5P). (1)
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In the following, we will often suppress the isomorphism « and simply identify .# ®.# °?@spanc (F)
with (4 ®.4°P)!. In exactly the same manner, we get an isomorphism

CL(F) := M @ M @ spang(F) = (M @ MP),

which will also be suppressed in the following. In particular, we will consider dr as a map from
(M @ MP) — M @ .#°P. With these identifications, we have

B(F) = B(dr),

by Proposition 3.6.1. (see e.g. the discussion preceding Lemma 3.5.1).
This allows us to apply the results from Section 3.6. In particular, using the notation from Remark
3.6.3, we have

o ) ker(d4V)
B(F) = dim ze.aor ([//@.///op : ker(dF>])

Throughout this section, we shall make extensive use of the isomorphism ¥ from L?(.#)®L? (.4 °P)
to A (L*(#)) introduced in Section 1.2.2.We first study its interaction with the map dp.

Lemma 3.7.1. Denote by ¥; the isomorphism
(U, ..., 0) : (L2 M)RL*(MP)) — (S (L2 (M)
Then, for (T1,...,T;) € U, ((M @ #°P)"), we have

1
UodpoW \(T1,...,Ti ZJ:U J, Tj],
j=1

where J : L?(M) — L*(.#) is the conjugation from Lemma 1.2.1.

Proof. By assumption, each T can be written as ¥(S;) for some S; € A4 ® A#°P. Write S; as
D ker, My, @ njy, for some finite index-set I; and some my,,n;, € .#. The result now follows
from a direct computation:

l
VodpoWU \(Ty,...,T) =¥()_ 8@z, @1 - 1@ ")) (By (1))
j=1
l
= \IJ(Z Z mj, @ng (2, ®1—1®177))
j=1kel;

!
Z Z Jai JU(mj, @n3’) = W(my, @ny”)Jay J  (Prop. 1.2.15)
j=1kel;

l
= ZJ:U;;J(Z U(mj, @nj’)) — (Z U(mj, @n3)))Jw; J
j=1

keI, kEl;

l
= [z} J, Ty).
j=1

Definition 3.7.2. We denote by Dy : S5 (L*( M) — HS (L*(M)) the map

1
(Tv,...,Th) — > _[Ja} J, Tj).
j=1
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The map d% : (A @MP) — (MRM4°P) extends dr when # @ M °P is considered as
subspace of .#®@.#°P in the natural way. Since d%" is .# &.# °P-linear, it (and hence dr) extends
to a bounded .# &.4 °P-equivariant opeartor d\) : L2(.#&.4°P)" — L2(.#&.4#°P). By the proof
of Theorem 1.2.14, the algebraic tensor product .# ®.#°P is dense in L?(.# @.#°P) and combining
this with the result in Lemma 3.7.1 we get commutativity of the following diagram

L2(MEDMPY — > 7 (L2 (M)

dg) l \LDF

L (M BMP) ——= AL (L M)

We now aim to prove a formula, relating the dimension of ker(d%") to 632) (A, 7). (Proposition
3.7.6) For this we need the follwing two lemmas.

Lemma 3.7.3. For fived S € A (L*(M)) the operator
(B(L*(A)1 > T — [T, 8] € AL (L*(M)),

is continuous from (B(L*(.#)))1 with the strong-x-topology, to S (L*(#)) with the topology
induced by the Hilbert-Schmidt norm.

Proof. By linearity, it suffices to prove the continuity at zero. So, let (T,,) be anet in (B(L?(.#)))1
converging to zero in the strong-*-topology. We need to prove that [T,,S] converges to zero in
Hilbert-Schmidt norm.

Let € > 0 be given. Since Z#Z(L?(.#)) is dense in S (L?(./)) there exists a vector Y ., x;®y; €
L*() ® L*(#°P) such that [|S — Y7 | oy |l < §. Let X denote the finite rank operator
> Uaioy,- We then get

ITe; Sllloer = [[[Te § = X + X[ e
= I[Te, § = X] + [T, X]| e
<NTalS = X)ller +11(S = X)Tallr + [[[Ta, X]ll e

<NTalloollS = Xlloer + 1S = Xl ez [ Talloo + [[[Tas Xl 27
e €

< -4 = T, X .

_4+4+H[ o X]|| e

Note, that for any i € {1,...,n} and ¢ € L?(.#) we have

Ta\yzi@)yi (f) = Ta((fU%)%) = <§‘Jyz>Toc-Tz = lI/(TaIi)®yi (6)
ooy Ta(§) = (Tl Jyi)zi = (| T Jyi)xi = Vo, 001 19:)(§)-
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From this it follows that

T, XMz <D T Voo

i=1

< Z HT o, i®Yi

HS

s + | Ve, 0y To|l 727

NgERD

1V (7, any@y: Loz + 1 Va,orTs gy |l

.
Il
-

-

(Toz:) @ yilla + ||z @ (JTi Jyi) |2 (T isometric)

o
Il
N

M:

[Tawill2llyillz + lzillll ST Tyil2
1

o
Il

n

< sup{llzilla, Iyilla} (3 ITaillz + 1T (J50)1l2)
? i=1
n

< sup{lzila, lyill2 (D ITawille + IT3ille + 1T (T |2 + 1T (T )

i=1

Since (T,) converges to zero in the strong-+-topology, the sum in the last expression converges to
zero. Hence, there exists an «q such that

supd[|: [z, [l }<Z [Tazillz + 1Tq@illa + [ Ta(Jyi)ll2 + T4 (Jyi) 2 )

=1

l\D\(")

when « > «g. This completes the proof. O

Lemma 3.7.4. Let A4 be any von Neumann algebra and let # be a strongly closed left ideal in
A Then # has the form A'p for some projection p € A". In particular ¢ is projective, when
considered a left module over A .

Proof. If # = {0} there is nothing to prove. So assume that _¢ is non-trivial and choose a
non-zero vector x € _#. Then z*z is also a non-zero element in ¢ and since ¢ is an ideal every
polynomial expression, without constant term, in z*z is in ¢ . Because ¢ is strongly (especially
uniformly) closed we get f(z*x) € ¢ for every f € C(o(xz*x)) with f(0) =0
Since z*z is non-zero, we can find an ¢ > 0 such that e := ya(z*z) # 0 where A = [¢, ||z]|?] N
o(x*z). The characteristic function x4 can be approximated pointwise by a (uniformly) bounded
sequence of continuous functions (f,)neny with f,(0) = 0 and hence f,(z*z) € _# converges
strongly to e. By hypothesis, ¢ is strongly closed and hence e € #.
This shows that ¢ contains non-trivial projections and we now define p to be the union of all
projections in _# and aim to show that p has the desired property.
We first show that p belongs to #. Since ¢ is strongly closed, it suffices to prove that each
finite union of projections in ¢ also belongs to _# and an easy induction-argument reduces the
problem to the case of two projections.

So, let p,q € _# be projections, and recall that p vV ¢ = R(p + q), where R(p + ¢) denotes the
range-projection of the (positive) operator x := p + ¢. (see e.g. [KR1] Proposition 2.5.14)
We need to prove that R(xz) € #. Since R(z) = R(ﬁx) we may assume that ||2]| <1 such that
r <1.
We now prove that (a:%)neN converges strongly to R(z). This is sufficient since _¢# is stable
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under continuous functional calculus from {f € C(o(x))|f(0) = 0} by what is already proven and
strongly closed by assumption. By considering the corresponding functions on [0, 1], it is easy to
see that (m%)neN is an increasing sequence of positive operators bounded from above by 1 and it
therefore converges strongly to its least upper bound gq.

Since (x% )nen is a bounded sequence of pairwise commuting elements, each element in the sequence
commutes with ¢ and from this it follows that the squared sequence (z+ )nen converges strongly
to ¢%. But since (27 )nen contains (7 )nen as a subsequence (the even terms), we conclude that
¢ =q.

Each z7 is self-adjoint and since the sequence (x%)neN converges weakly to ¢, it follows that ¢ is
self-adjoint — and hence a projection.

We now need to see that ¢ is the range-projection of x. Since x is self-adjoint, we see that

ker(z)" = rg(z*) = rg(x),

and hence it suffices to prove that ker(q) = ker(x).

Assume first that € = 0 and consider a fixed n € N. Since the function f : ¢ — t= has f(0) = 0,
it can be approximated uniformly by a sequence of polynomials without constant terms; i.e. of
the form ¢ — py(t)t for some polynomial sequence (pi)ren. S0, if € = 0 we have py(z)x€ = 0 for
all £ € N and hence ;wlTé = (. Since this holds for every n € N and ¢ is the strong operator limit
of (&% )nen, we conclude that ¢& = 0.

Conversely, assume that ¢€ = 0. Then, since ¢ dominates each xﬁ we get

0= (g€|€) > (a€|€) = (wig|ate) = |ate]o,

and hence o

xé’ = IZI'ZQ;ZIZ& = O
Hence ¢ is the range-projection of x and we conclude from this that ¢ is stable under union of
projections. Thus, p € ¢.

We now wish to see that _# = A4"p. Since p € _#, the inclusion ”2D” is clear. For the opposite
inclusion, we assume, towards a contradiction, that there exists some element € # \ .4 'p. Then
x —xp € 7 is nonzero and we have

z:=(x —ap)*(x —xp) = (1 —p)z*z(l —p) € 7 \{0}.

Choose an € > 0 such that x4(z) # 0 where A = [¢, ||z]|]No(z). Then, by what was proven above,
Xa(z) € # and we now prove that x4(z) < 1 —p. Given this fact the proof is complete, since
XxA(z) then is a non-zero projection in _¢# orthogonal to p, contradicting the construction of p.
Since 0 is isolated from A, we may choose a uniformly bounded sequence (f,)neny C C(o(2))
converging pointwise to x4 and with the property that f,,(0) =0 for all n € N.
Then each f, can be uniformly approximated by polynomials and since f,,(0) = 0 we may choose
the polynomials of the form ¢ — pg(t)t. (i.e. without constant term)
Because of this (and the construction of z) we see that pi(z)z(1 — p) = pr(z)z for each k € N and
hence the same holds for the uniform limit f,(z). Since right-multiplication with a fixed operator
is strong-operator continuous, this implies that the strong limit x 4(z) of the sequence f,(z) also
fulfills the relation

xa(z)(1 —p) = xa(z),

and hence x4(z) <1 —p. Since xa(z) # 0, this contradicts the choice of p.
O

Having these two lemmas at our disposal, we now return to the problem of computing the first
Betti number. So, let .#Z be a finite von Neumann algebra, endowed with a fixed, faithful, nor-
mal, tracial state 7. In the following, the dimension dim ;g _zo»(-) will always be computed with
respect to the tensor-trace 7 ® 7°P on A Q.4 °P.
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Remark 3.7.5. Consider two finite subsets F,G C .# and assume F C G.
Recall, from Section 3.5, that we defined @& to be the inclusion C1(F) C C1(G).
If we apply the functor MR MP @ ye—, we get an induced map

105 . #&.a°P @ e CL(F) — MNP @ 4-C1(G).

Applying the natural isomorphism M QM @ ye M® = MRM°P on both source- and target
space of 1@ 0 identifies 1@ 0T with the inclusion

MM @ spang (F) C MM °P @ spang(G).

To avoid getting the notation to cumbersome, we will denote also the latter inclusion by &F in
stead of LpG’FUN, which would be more consistent with the notation introduced so far.

In the rest of this section, we shall primarily consider self-adjoint? finite subsets of .#. Note,
that if F' C . is self-adjoint then the algebra generated by F is automatically a (possibly non-
unital) -subalgebra of .Z.

Proposition 3.7.6. [CS03] Let F = {x1,...,x,} be a finite, self-adjoint subset of 4 and let A
denote the algebra generated by F. Assume that A contains the unit of 4 and is strongly dense
i A . If G is another finite self-adjoint subset containing F', then

dim_g g go0 (% (ker(dN))) = 1 — 1 4 852 (A, 7),

where | denote the linear dimension of spang(F).

Proof. The general situation follows from the special case F' = G, since ¢ ¥ is injective and
hence an isomorphism of .# ®.4°P-modules from ker(dy) to ¥ (ker(dyV)).
So, we may assume F' = G. We then need to show

dim g, gov (ker (dN)) = 1 — 1+ 52 (7). (1)

Recall, that the zero’th L2-homology of .# can be computed as the zero’th homology of the
Hochschild complex (Cy (A, # R.4°P),b,). That is, Héz)(%, T) = MIMP[rg(b1).
Using additivity of the dimension function on the associated short-exact sequence

0—rg(by) — ASMP — H(g2)(///77') — 0,
we get
D7) - = dimgg g (HS (M, 7))
= dim @ gov (A @A) — dim 4 _go0 (18 (b1))
=1- dim%@(%op (I‘g (bl))
If we can show that
dim g g0 (18 (dF)) = dim g g0 (18 (01)), (1)
the desired formula follows, since (I) implies that
06 (A7) =1 = dim g o0 (15 (01))
=1 —dim_gq 400 (rg(d5"))
—1- (dim,,,Mop (MM @ span(F)) — dim_y g yon (ker(d%N)))
=1— (I — dim_gg_go» (ker(dy))).

3l.e. for all z; € F we have z; €F
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We therefore aim to prove (1). Since by is .# &®.#°P-linear, its range is a left ideal in .#®.4°P.
We first prove that

—s ————alg

rg(b1) Crg(b) ",
where the closure on the right-hand side is in the sense of Definition 1.1.8 (relative to .# & #°P) and
the closure on the left-hand side is in the strong operator topology on .# ®@.4#°° C B(L* (M 2.4 °P)).
Let f: MR3MP — MIM°P be an M .4 °P-linear map vanishing on rg(by). Then f is given
by right-multiplication with f(1®1) and since multiplication from the right with a fixed operator

is strong-operator continuous, f vanishes on rg (bl)s. Since this holds for all such f, the inclusion
follows. We therefore get

. . —S . ———al
dim_y g0 (1 (1)) < dim_yg_gor (18 (b1) ) < dim_ga . go0 (g (01) ),

and by continuity of the dimension function (Theorem 1.4.7), we the conclude that

dim g, o0 (18 (b1)) = dim_g s go0 (18 (b1) ).

Since rg (bl)s is a strongly closed left ideal in .# ® #°P, Lemma 3.7.4 implies that rg (bl)s has the
form .# &.#°Pp for a suitable projection p € A .4 °P.
A similar argument shows that

dim'%®%op (I‘g (d%N)) = dim'%®%op (I‘g (d%N) ),
and that rg (d}},N)s is of the form .#&.#°Pq, for a suitable projection q € .4 R.4°P.
By the results of Chapter 1 (Theorem 1.3.17), it suffices to see that v(.#Z&.#°Pp,{-|-)s;) and
V(M @4°Pq, (-|-)s) are isomorphic as finitely generated Hilbert .#®.#°P-modules.
By construction, rg(by) is dense in .#Z ®.#°Pp in the strong operator topology, and hence also in
the topology induced from the norm on L?(.# ®.#°P). Thus,

L2 2

re(b1) = ASAVp = v(MSMPP, (| )st),

and similarly
2

o N — oA 5 /0
rg(b%Y) = A3MPq =v(HMIMPq, (| )st)-
We therefore have to show that

L? L2
rg(dy)  =rg(b)

Since by : M RQMP @ M — MM is given by
T®ar—T(a®1—-1®a?),

rg (by) is the left ideal in .#®.4°P generated by {a ®1 —1®a°? | a € A }.
We now wish to transport the problem from L?(.# ®.#°P) into S (L*(.#)) via the isometry ¥
from Proposition 1.2.12. For any T € .#Q.#°P and a € .4, we have

UVT(a®1l-1®aP)=V(T(a®1) —T(1®a?)
=Ja*"JU(T) —¥(T)Ja*J (by Proposition 1.2.15)
= [Ja*J, U (T)].

Since a +— Ja*J maps .# onto .#' (Corollary 1.2.7) and since .# ®.#°P is dense in L*(.4 @.4°P),

we get
2

V(g (b1) ) = span{[8,m'] | S € A (L2(A)),m € A} " .

Similarly, since %" = bi|c, (r) We get that rg (d¥N) is the left ideal in .# ®.4°P, generated by the
set

{r;®@1-1®@z® | z; € F},



3.7. THE FIRST BETTI NUMBER — PART II 99

and applying ¥ we get

2

V(g (@) ) = span{[S, JoJ] | S € AF(L2(A)).a € F} .

2 L2

Since ¥(rg(d¥¥) ) C W(rg(b1) ), we just need to prove that

span{[S, Jx}J] | S € S (L*(M)),x; € F}
is Hilbert-Schmidt-dense in

span{[S,m'] | S € HS (L*(M)),m' € 4"}
Recall that F' is assumed to generate .# as a von Neumann algebra, so if A denotes the algebra
generated by F' then .# is the strong-*-closure of A. Note, that by the Kaplansky density theorem

(see e.g. [Brat] Theorem 2.4.16), every m € .# is the strong-*-limit of a bounded net in A.
For fixed S € % (L*(.#)) the map

(B(L* (M) > T +— [8,T] € A7 (L*(M)),

is (strong-*, Hilbert-Schmidt)-continuous by Lemma 3.7.3 and hence

span{[S, Ja*J] | 8 € S (LAY, ac AY "~ = span{[S,m/] | S € ZZ (L)), € A} .
It is thus sufficient to prove that

span{[S, Ja*J] | S € HS (L*(M)),a € A} = span{[S, Jz}J] | S € HS(L*(M)),x; € F}.
To see this, we must prove that for all i1,...,i € {1,...,n} and S € 7 (L*(#)) we have

[S, (Jx}

T

.} J)] € span{[T, Jz}J] | T € S (L*(M)),x; € F}.
For any S,y1,...,yx € B(L*(A)) we have:

(S, y1 -+ yk] = [y2 - yu S, y1]
+ [ys - yuSy1, Yo
+ [ya - YpSY1Y2, 3]

+[Sy1 - Yre—1, vkl
Put y; := Ja J for j € {1,...,k} and note that
g1y = (Jag, J) (T, J) - (Jag, J) = J (@5, - ag,) .
Furthermore, for S € 47 (L?(.#)) we have
Yio YSY1.. . Yj—2 € HS (LA (M),
since S (L?(#)) is a two-sided ideal. Thus
(S, (Jai, -+~ a} J)] € span{[T, Ja} J] | T € S (L*(M)),x; € F},

as desired. O

In the light of Proposition 3.7.6, we introduce the following notation.
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Definition 3.7.7. Let .# be a finite von Neumann algebra with normal, faithful tracial state T
and let F' be a finite, self-adjoint subset of M , spanning a linear space of linear dimension . For
any finite self-adjoint subset G containing F we define

o A(F):=1—dim gz goo ([MEMP - Ker(dp))).

o A(G:F):=1—dim gz gyo (chvF(ker(d%N)) N (A& M - ker(dg)]))

We place ourselves under the hypotheses of the above definition and assume moreover that the
algebra generated by F' contains the unit of .# and is strongly dense in .#. We then have

B(F) = B(dr)
= dim_yg_gov (ker(d9Y)) — dim_yg_gon (A DM - ker(dr)]) (Remark 3.6.3)
=l-1+ ﬁéZ) (A7) — dim g goo ([ A RMP - ker(dFp)]) (Proposition 3.7.6)

= AF) -1+ 89, 7).

Similarly we get

B(G : F) = dim g4 (957 (H(F)))

— dim 5.0 ( " (ker(di")) )
ASAD\ GG F (ker(d¥N)) N [ A D.MP - ker(dg))]

= dim_g5.q00 (<" (ker(dF))) — dim_g gor (&7 (ker(di)) N A @A P - ker(dg)])
— 1= 14 8Pt 7) — dim_yggo0 (07T (ker(d$N)) N M &M - ker(dg)])
=AG:F) =1+ 8P (,7)

Also note, that

(Remark 3.5.4)

2 L?
A(F) = 1 — dim,yg_gor (ker(dr) ) = | — dim_yz.gor (ker(d) N (L2() @ L2 (M) ),

by the results of Proposition 3.6.1 and Proposition 3.6.5. This last formula of course holds whether
or not F' generates a strongly dense algebra.

Definition 3.7.8. We shall call a von Neumann algebra .# finitely generated, if there exists
a finite self-adjoint subset F', such that the algebra gemerated by F' is strongly dense in A and
contains the unit of A . We will refer to such a subset F, as a finite generating subset of A .

In the case when . is finitely generated we also make the following definition.

Definition 3.7.9. Assume .4 to be finitely generated and let 4 denote the family of finite gen-
erating subsets of M. We then define

A(A,7):=sup inf A(G:F).

Fev Ge9
By repeating the argument from the proof of Proposition 3.5.2 we get
52)(///,7') = sup inf B(G: F),

GeY
Fe9 FEa

in the case when . is finitely generated. Using this formula, we see that

B (7)) = sup inf (A(G F) -1+ 82, 7))

Ge¥
Fe¥ FEG

=AM, 7) =148 (7).
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So, A(A , T) measures the difference between 552) (A, 7)and 562) (A, 7). In particular, A(A,7) =
1 implies 6%2) (A ,T) = (()2)(///, 7).

Proposition 3.7.10. [CS03] Let F be a finite, self-adjoint subset of .# and assume that A (the
algebra generated by F') contains the unit of M .
Then A(F) only depends on the algebra A and the restriction of the trace T to A.

Proof. Let 4 be the strong closure of A inside .# and endow .4 with the trace-state arising from
the restriction of 7. We need to prove that we get the same A(F)-value, whether we compute it
relative to .# or relative to .4#". To avoid confusion, we will decorate the relevant notation with a
sub-script indicating which von Neumann algebra it is constructed with respect to. For instance,
A 4 (F) will denote the A-quantity of F' computed relative to .# and A_y (F) will denote the
A-quantity of F computed relative to 4. Similar notation will be used for §(F') and d}N .
Applying Proposition 3.7.6 to the pair (A7, 7), gives

dim_y g yon (ker(dyy ) = 1 — 1+ B2 (A, 7),

where [ is the linear dimension of spang(F). We now consider the exact sequence

. _ deN _
0 — ker(di ) ——= N @A P @spanc(F) —4 A @M.

By Theorem 1.5.1, the induced sequence

MEMP D g yo0 ker(di )

1®e

MOMP R g o N QNP @ span(F)
1RdyN,

MIMP R gy oo N DN,

is still exact and
dim_zg_gor (ker(l@d}é{\f/‘/)) =dim_4&_zov ((///@//ZOP)QQJV@Jyop ker(d%{vﬂ)) = dim_yg_sop (ker(d%{YA/))

The natural isomorphism A4 Q4P Q@ g yov N QN P = M 4P identifies 1 ®d‘}§{\LV with d},]\iﬂ
and hence
dim,_ g5 g00 (ker(di ) = dim_y g_yon (ker (dzy ).
From this we get
B (F) =dim_gg_gov (ker(dvF{\Lﬂ)) —dim gy gov ([ A DM - ker(dr, 4)]) (Remark 3.6.3)

=dim_yg_gop (ker(d}ﬂﬂf/)) —dim_y g gov ([ A DM - ker(dp,_a)])
=l-1+ ﬁéz) (A, 1) — dim_ gz goo ([ A R4 -ker(dp, 4)]) (Proposition 3.7.6)
= A (F) =1+ 82,7,

and hence

Ay(F)=Ba(F)+1- 65 (N, 7). (1)
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From Lemma 3.5.1 and Proposition 3.6.2 we have
B.u(F) = Bldr.a) = dim g go0 Tory” (MM, M° @ aeA),
and we now claim that
Tor (MOMP, M° @ peA) ~ MM D 4 yo» Tor] (N RN P, N @ pcA).
To see this, we choose a resolution (F,, f,,) of 4 ® 4eA by free 4 ¢-modules. Then the complex
(NRANPR yeFy, 1® fi)

computes Tor!” (N @N P, N° @ 4.A). If we apply the functor 4.4 @ A &yop— to this
complex, we arrive at

(MM R ygyooNRINPR yeFy, 101R fi), (*)

and since A Q@M °P ® g yoo— is exact, (Theorem 1.5.1) the first homology of the complex (%) is
(see e.g. [CE] Ch. IV, Thm. 7.2)

M RMP Q ¥ @Nop TOY{VQ(JV(%JVOP,JVe@AcA).

We now wish to identify this module with Tor{/le (MRMP, M D pcA).
If we apply the exact functor #° ® ye— (see e.g. Remark 1.5.2) to the free resolution (F,, f,),
the resulting complex is a resolution of

MERD g N R pe A~ MR pcA,

by free .#°-modules. So, if we apply the functor .#@.#°° @ 4-— to this resolution, the first
homology of the resulting complex

(MSMP R gyell® @ yeFp , 101 fr), (%)
is
Tor? (MM, M° @ pc A).
One easily checks, that the both (x) and (xx) are isomorphic to the complex
(MRM® D yeF, , 1® fy),
and we conclude that
Tori” (MM, M @ seA) ~ MM D 4 o0 Tor]y" (N RN P, N @ g A).
Using Theorem 1.5.1, we now get
Bu(F) = dim_yg_goo (Tor{ (MM, M° D 4o A))
= dim_y g gor (MM @ 4z yop Tor{ (N RN P, N g A))
= dim,_y g_yo» Tory" (N QN P, N D 4 A)
= By (F).

Hence

Ay(F)=Bay(F)+1- BN, 7) (by (1))
(F)
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as desired. 0

Note, that we also proved (4 (F) = B4 (F) in the last part of the proof of Proposition 3.7.10,
so that also S(F') is independent of the choice of von Neumann algebra, relative to which it is
computed.

Recall, that .# denotes a finite von Neumann algebra, endowed with a normal, faithful, tracial
state 7.

Theorem 3.7.11. [CS03] Let F be a finite, self-adjoint subset of .#, generating an algebra A
which contains the unit of A . Assume furthermore, that F contains a (normal) element x with
diffuse spectrum, such that x or x* commutes with every other element in F'. Then A(F) = 1.

Proof. Since z is normal, Fugledes Theorem (see e.g. [MV] Theorem 17.23) implies that if x
commutes with F' then so does x*; and vice versa. So, in either case, both x and z* commutes
with F'.
Let .4 be the strong closure of A in .#. By Proposition 3.7.10, we may compute A(F') and G(F')
relative to (47, 7). Since F obviously generates .4, the remarks preceding Proposition 3.7.10
implies that

A(F) = B(F) +1 =552 (AN 7).

Since o(z) is diffuse, Theorem 3.3.5 implies that 5((]2) (A, 7) =0 and hence we have A(F) > 1
The opposite inequality requires a bit more work:

Let [ denote the linear dimension of spang(F') and choose a basis {z1,...,2;} containing x, con-
sisting of elements from F'. Assume without loss of generality that z = ;.

We now consider .4 in its GNS-representation on L?(4",7) =: L%(.#") and let J denote the
conjugation operator on L?(.4").

Let ya, ...,y € FR(L*(A, 7)) be arbitrary operators and define s; := [y;, Jo*J] fori € {2,...,1}
and s := — Eﬁzz[yi, JafJ]. Put Z; := JxfJ for all i € {1,...,1}. Since F* = F and z* commutes
with F' we have

[, Z) = Jaf JJx* T — Ja* J I J = Jafa*J — Jo*alJ = Jo*alJ — Ja*zlJ =0,
for any ¢ € {2,...,l} and using the Jacobi identity we now get
Since this holds for any i € {2,...,n}, we have

n

!
[s, 2] + Z[Si, B =Y [=lyi #, 7] + [si, 4]

I
T
=
+
5

This shows, that (s,s2,...,s;) € ker(Dg) N.ZZ(L*(A ). *
Define ® : 27 (L*(N )71 — 7 (L2(A))' b

l
q):(y27"'7yl Zyz»xl y27 7"‘7[yl7j])7

=

4See e.g. Definition 3.7.2 and the remarks following it
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and note that ® is Hilbert-Schmidt continuous. This follows from the fact, that for every a,b €
B(LA(AN)) and y € S (L*(A)) we have |layb||zr < ||allso |yl 27 (|b]loo, such that each of the
commutators appearing in the definition of ® is Hilbert-Schmidt continuous.

By what was just proven, we get

A (LN ) = eFRLA) T ) Cher(Dr) nFR LT (1)
We now consider S (L%(.4)) as a left Hilbert .4 ®.4°P-module, with respect to the action
T-y:=Y(TTU (y), forTeNRNP yecHS(L(N)),

and A7 (L*(N))k (k € {l-1,1}) as aleft 4 ®.4°P-Hilbert module with respect to the associated
diagonal action. Note, that if T'=a ® b°P € A ® AP then T -y = ayb by Proposition 1.2.15.
We now prove that ® is A ®.4°P-equivariant. For a,b € 4 we have

layib, T;] = ay;bT; — T;ayb = ay;T;b — aZyy;b = aly;, T4)b,

and from this it follows that ® is equivariant with respect to the action of A4 ® 4°P. Since ® is
continuous and A4 ® AP is dense in A @4 °P, it follows that ® is A ®.4 °P-equivariant.

Next we show that @ is injective.

Let 4, denote the von Neumann algebra generated by & := Jx*J in Z(L*(.#')). Since x is normal
we have

ker(Al — 2) = ker(Al — 2*) for any A € C,
and since z is assumed to have diffuse spectrum, we see that also z* has diffuse spectrum. Using
this, it is not hard to show that also £ = Jx*J has diffuse spectrum and by Remark 3.3.7 this
implies that .4{ intersects trivially with the compact operators on L?(.4").
Since Hilbert-Schmidt operators in particular are compact, we conclude from this that ® is injec-
tive.

TS
We are now in position to prove the equality A(F) < 1. Note first, that both rg(®) and
S _
ker(Dp) N FR(L*(A))  are finitely generated Hilbert .4 ®.4 °P-modules. By what was proven

HS
above, ® is a weak isomorphism from Z7(L?(_4#))!=! to rg(®)”  and since v~! preserves weak
exactness (Lemma 1.4.6) we get a weak isomorphism
_ _ _ e
v N (@) v (LA )T — v (g (@) ).
By continuity of the dimension function (Theorem 1.4.7 part 3.) we therefore have

dim,y g yor (S (L2(A))' ) 2 = dimy g o (v (A (L2(A)'7)))

- dimJy@Jyop(u‘l(rg(‘P)W))

. — A
= dim_y g _yor (rg(®) ).

_ TS
Since rg (@)W is a finitely generated Hilbert A4 ®.4"°P-submodule in ker(Dg) N .FZ(L2(N))!

(see the inclusion (})) we now have

dim_y gyon (ker(Dp) 1 ZR(LAANN ) > dimy gy (13 (@) )
= dim,y gy (A (LN
— dim_y g_yon (L2(N N P)'1)
—1-1 *)

Since ¥ maps L?(A) ® L?(A°P) onto F#(L?(A")), the restriction of ¥; := (V,..., ¥) gives rise
to an isomorphism: (see the discussion following Definition 3.7.2)

ker(d?) N (L2(AN) ® LQ(JVOP))ZLZ . ker(Dp) N FRLE))
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and by Proposition 3.6.5 we have

k@) 1 (L) @ LAy = k()

Combining this with the inequality (1) above yields

2

dimy g yon (ker(dp) ) > 1— 1.

Using Proposition 3.6.1 we now have

2

A(F) =1 — dim_y g,y (ker(dp) ) <1—(1—1) =1,
and since the opposite inequality is already proven we have A(F) = 1. O

As a consequence we get the following.

Corollary 3.7.12. [CS03] Let .# be a finitely generated von Neumann algebra, endowed with
a faithful, normal, tracial state 7. Assume furthermore that .# contains a central element with

diffuse spectrum. Then A(#,7) =1 and ﬁ%z) (A,T)=0.

Proof. Let F be a finite generating subset of .# (in the sense of Definition 3.7.8) and consider
the set G := F U {x,2*}, where z is the central element with diffuse spectrum. Then G is also
self-adjoint and generating and fulfills the requirements of Theorem 3.7.11. Thus, A(G) = 1.
From this we get

AG:F)=8(G:F)+1-6 (a7
<BG) +1- 8P (a,7) (Remark 3.5.4)
= A(G)
—1.

If & denotes the family of finite generating subsets of .#, we therefore have

inf A(G: F)<1.
Ge9

FCG
Since F' € & was arbitrary, we get

A(A,71):=sup inf A(G: F)<1.
(A7) Fegggg( )

Recall that 1 — A(AZ,7) = ﬁé2)(//l,7') - %2)(//!,7) by the observations preceding Proposition
3.7.10. Since .# contains an element with diffuse spectrum, 662) (A ,7) =0 and hence

0< B2, 7)= A7)~ 1.

Since we proved A(.#,7) < 1, we conclude from this that A(.#,7) =1 and 652)(///, T)=0. 0O

Remark 3.7.13. Let m denote the Lebesque measure on [0,1] and consider the multiplication
algebra A = {M;|f € L>([0,1],m)} in B(L*([0,1],m)).

Endow A with at faithful, normal, tracial state 7 and let id denote the identity-function t — t on
[0,1]. Note that {Mia, 1} is a finite generating subset of A and that

o(Miq) = essrg(id) = rg(id) = [0,1].
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The spectral measure E for Miq is given by
B([0,1]) 3 Ar— M, , € {My|f € L*=([0,1],m)}.

(see e.g. [MV] Example 18.11 for a proof that this is the right spectral measure)
In particular, it can not have atoms since for any g € L?([0,1],m) and X € [0,1] we have

1
IE{ADg]2 = / Ny gl2dm = / (oPdm = 0.
0 {\}

From Corollary 3.7 we conclude that 552)(///,7) = 0. (Compare e.g. with [CS03] Corollary 5.4)



Bibliography

[Arv] William Arveson, ”A Short Course on Spectral Theory ”, Springer Verlag, 2002.

[Brat] Ola Bratteli, Derek W. Robinson, ” Operator Algebras and Quantum Statistical Mechanics
1”7, Second Edition, Springer Verlag 1987.

[CE] Henri Cartan, Samuel Eilenberg, ”Homological Algebra”, Princeton University Press, 1956.

[CS03] Alain Connes, Dimitri Shlyakhtenko, ” L2-Homology for von Neumann algebras”, Preprint,
2003.

[Con76] Alain Connes, ”Classification of injective factors”, Ann. of Math. (2) 104, p. 73-115, 1976.

[Dix] Jacques Dixmier, "Les algebras d’ operatours dans ’espace Hilbertien (Algrebras de von
Neumann)”, Gauthier-Villers, 1957.

[Fox] Hans Bjgrn Foxby, ”Homological Algebra”, Lecture notes from the course 4HA, University
of Copenhagen, 2004.

[KR1] Richard V. Kadison, John R. Ringrose, ”Fundamentals of the theory of operator algebras”
Vol. I, Academic Press Inc., 1983.

[KR2] Richard V. Kadison, John R. Ringrose, ”Fundamentals of the theory of operator algebras”
Vol. II, Academic Press Inc., 1983.

[Lod] Jean-Louis Loday, ” Cyclic Homology”, Springer Verlag, 1998.

[Liic97] Wolfgang Liick, "Hilbert modules over finite von Neumann algebras and applications to
L?-invariants”, Mathematishe annalen 309 p. 247-285, 1997

[Liic98] Wolfgang Liick, ”Dimension Theory of arbitrary modules over finite von Neumann alge-
bras and applications to L2-Betti numbers I - Foundations”, J. Reine Angew. Math. 495, p.
135-162, 1998.

[Liic02] Wolfgang Liick ” L?-Invariants: Theory and Applications to Geometry and K-theory”,
Springer Verlag, 2002.

[MacL] Saunders Mac Lane, ” Categories for the working mathematician”, Springer Verlag, 1998.

[MV] Reinhold Meise, Dietmar Vogt, "Introduction to functional Analysis”, Clarendon Press,
1997.

[RLL] M. Rgrdam, F. Larsen, N.J. Laustsen, ”An Introduction to K-Theory for C*-algebras”,
Cambridge University Press, 2000.

[Wei] Charles A. Weibel, ” An introduction to Homological algebra”, Cambridge University Press,
1994.

[WO] N. E. Wegge-Olsen, "K-theory and C*-algebras”, Oxford University Press, 1993.

107



108

List of Notation

BIBLIOGRAPHY

Sets P(X) The family of subsets of a set X.
P.(X) The family of finite subsets of a set X.
B(X) The Borel o-algebra on a topological space X.
C(X) The continuous functions on a topological space X.
Rings R A unital *-ring.
& R™ The direct sum of n copies of a ring R.
Modules RXO The free R-module with generators the elements of the set X.
Mod(R) | The category of left R-modules.
(rili € I) | The left ideal in R generated by (r;)cr-
X ®RrY The tensor product of R-modules.
~p Isomorphism of R-modules.
CG The group-algebra of a discrete group G.
Hilbert Spaces | 77, % Hilbert spaces.
& B(H) All bounded operators on 2.
Operator FH () | The finite rank operators on 7
Algebras () | The Hilbert Schmidt operators on JZ.
HR/HK The tensor product of Hilbert spaces.
M, N von Neumann algebras
MERON The tensor products of von Neumann algebras.
My The positive cone in .Z.
(A )1 The unit ball of ./Z.
M, (A) | n x n-matrices over ./ .
N(G) The group von Neumann algebra of a discrete group G.
Operators o(T) Spectrum of an operator.
|T| Absolute value of T (=vT*T).
ker(T) The kernel of T
rg(T) The range of T'.
coker (T') | The cokernel of T.
R(T) The range-projection of T
N(T) The null-projection of T
17| 0o The operator norm of T'.
Ady The map T +— U*TU on B(H), for a unitary U € B(H).




